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PREFACE 


This book * was planned with attention to the present national need 
for increased numbers of men and women who have a substantial appre- 
ciation of spatial relations and acquaintance with the fundamentals of 
spherical trigonometry. However, the brief but logically complete sec- 
tion on solid geometry would be suitable as text material whenever a class 
is to receive a rounded treatment of this subject in a short period of time. 
The typical student in view is a freshman in college who failed to study 
solid geometry in high school and has already studied plane trigonometry. 
The solid geometry was prepared by Walter W. Hart and the spherical 
trigonometry by William L. Hart. 

THE SOLID GEOMETRY 

This section is designed as the basis for a brief course but the content 
could also serve effectively in a review of solid geometry as a preliminary 
to the study of spherical trigonometry. • 

The aim is to provide experience in thinking about and constructing 
three-dimensional figures and to give the student a satisfactory back- 
ground for the study of spherical trigonometry or other subjects for which 
a knowledge of solid geometry is an essential prerequisite. 

The topics have been selected so as to present an essentially complete 
cross section of the usual classical treatment of solid geometry, with cer- 
tain shifts of emphasis. 

Brevity has been achieved by treating the subject from a somewhat 
more mature point of view than has been customary and by providing 
experience in the independent demonstration of theorems, not by many 
relatively inconsequential exercises, but rather by suggestions for finishing 
incomplete proofs of fundamental theorems. 

To facilitate the selection of an extremely brief course, the chapter on 
mensuration is placed after that on the sphere, so that most of the omis- 
sions could occur in the final chapter. 

THE SPHERICAL TRIGONOMETRY 

The theory and formulas for the solution of right and oblique spherical 
triangles are presented in a very complete fashion.f 

* This text is composed of Parts II and III of the authors' Plane Trigonometry, 
Solid Geometry, and Spherical Trigonometry, 

t Except as to the use of the haversine, although its definition and main 
utility are indicated. 
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PREFACE 


Plane and middle latitude sailing, the treatment of which is based on 
the solution of right plane triangles, are presented as an appropriate in- 
troduction to related applications involving spherical trigonometry. 

The applications of spherical triangles on the earth emphasize distance 
and direction problems involved in geography and navigation. These prob- 
lems, other applications relating to the celestial sphere^ and supplementary 
discussion are designed to provide a background for the student who 
wishes to know the nature of celestial navigation or who will study this 
subject later. However, no attempt is made in this book to present a 
treatment of celestial navigation. 

For a brief course in spherical trigonometry, the teacher may desire 
to present the chapter on the right spherical triangle, merely the laws 
of sines and cosines relating to the oblique triangle, and then the chapter 
on applications, with the omission of plane and middle latitude sailing. 

Answers are included for all problems involving extensive computa- 
tion; usually, results are given for both four- and five-place computation. 

Logarithmic and Trigonometric Tables by William L. Hart are extremely 
complete so as to permit three-, four-, or five-place computation as desired. 

Walter W. Hart 
William L. Hart 
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PART IL SOLID GEOMETRY 


Chapter XII 

PLANES AND POLYHEDRAL ANGLES 


119. The difference between plane and solid geometry. A funda- 
mental figure of plane geometry is the rectangle. It lies on a plane 
surface or plane. It has length and width, and is 
called a two-dimensional figure. 

A straight line is a one-dimensional figure. 

The whole figure in plane geometry always lies on 
a plane. For this reason, plane geometry is called 
two-dimensional geometry. 

The rectangular solid is a figure of solid geometry. It has length, 
width, and height; it is three-dimensional. Other three-dimensional 
shapes are represented below. 



Prism Pyramid Cylinder 



Cone Sphere 


The earth, for practical purposes, and its sur- 
rounding space may be considered as essentially 
spherical, so that navigation in the air as well as on 
water and the science of astronomy are based on 
concepts and facts studied in solid geometry. 

The crystals of certain minerals have the forms 
that follow; such forms are called polyhedrons. 









152 


SOLID GEOMETRY 


120 . Your answers for the following questions are to be suggested 
by your intuitive knowledge of plane, cylindrical, conical, and spherical 
surfaces, as these are represented in the first set of figures in § 119, 
and as they occur on such familiar objects as table tops, cylindrical 
tanks, conical funnels, and baseballs, respectively. 

1. {a) Are there two points on a cylindrical surface that 
can be joined by a straight line that lies entirely on the surface? 

(6) Are there many such pairs of points? 

2. (a) Are there two points on a cylindrical surface that 
determine a line that does not lie on the surface? 

(6) Are there many such pairs of points? 

3. Consider the line that joins any two points on a spherical surface 
such as a baseball. Does it lie on the surface, or does it cut through the 
surface? 

4. Repeat both parts of Example 1 if the surface is a conical 
surface, such as that at the right. 

6. Repeat both parts of Example 2 if the surface is a conical 
surface. 

6. If two points of a straightedge lie on 
a plane surface, at how many other points 
will the straightedge touch the surface? 

7 . If two points of a straight line lie 
on a plane, where do all the other points of the line lie? 

8. Let a thin flat card represent a plane surface. 

(a) Can the card be held in more than one position in space and still 
touch a stationary pencil point? 

(b) What fact about the number of planes in space that contain one 
fixed point is suggested by part (a) ? 

9 . (a) Gan a card be held in more than one position in space and still 
touch two fixed points? 

(6) What fact about the number of planes in space that contain two 
fixed points is suggested, by part (a)? 

10. (a) Can a card be held in more than one position in space and 
still touch three fixed points, that do not all lie on the same straight 
line? 

(6) What fact about the number of planes in space that contain 
three fixed points, not all on the same straight line, is suggested by 
part (a)? 

11. Can a card that passes through one of two parallel lines be held 
in more than one position in space, and still pass through the other 
line? 
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121. (a) Points are collinear when they lie in the same straight 
line; they are co~planar when they lie in the same plane. 

(b) A geometric figure is determined if one and only one like it 
contains specified points and (or) lines. 

122. A plane is defined by the following 'postulates: 

(a) If a straight line joins two points of a plane, it lies entirely in 
the plane. 

(b) Three non-collinear points determine a plane. 

(c) If two planes have one common point, they have a second and 
are said to intersect. 

Note. '^Common point means a point that lies on each of two lines 
or surfaces, or on a line and a surface. 

123. The following facts can be proved: 

(a) Two intersecting straight lines determine a plane. 

(b) A straight line and a point not on it determine a plane. 

(c) Two parallel lines determine a plane. 

124. The intersection of two surfaces, or of a surface and a line, 
consists of all points that lie in both. 

126. If two planes intersect, the intersection is a straight line. 

Hyp. Planes MN and PQ have points 
A and B in common. 

Con. Their intersection is a straight line. 

Proof. Draw straight line AB. 

AB lies in MN and PQ. Why? 

If MN and PQ had any common points 
outside of AB they would coincide (§ 122, h). 

But, by hypothesis, they are different planes. 

So AB must be their complete intersection. 

1 . Why is a tripod used for mounting cameras, telescopes, and survey- 
ing instruments? 

2. In how many planes can one straight line lie? 

3. Are two straight lines in space necessarily parallel if they do not 
meet? 

4. Are four random points in space likely to be co-planar? 

6. If a straight line joins two points that lie on opposite sides of a 
plane, in how many points will it cut the plane? 
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126. The following Exercises illustrate lines perpendicular to planes, 

1. Let a sheet, of paper on your desk represent a plane MN, On it 
place a point 0. Hold a pencil, with its point at 0, in the position whic.h 
you would consider perpendicular to plane MN. 

2. Through 0, draw several lines on plane MN. Hold yo\ir pencil 
perpendicular to plane MN at 0. What angle does your pencil appear to 
make with each of the lines through 0? 

3. Place point X on your plane MN. Through X, draw the line YZ 
on MN. 

(a) Can you hold your pencil with its point at X, so that it is per- 
pendicular to YZ but not perpendicular to plane MN? 

(b) Do you think that a straight line can he perpcndicuxlar to a line 
in a plane without being perpendicular to the j^lane? 

4. Draw a straight line AB; on it place a point C. Hold a pencil so 
that it represents a line perpendicular \>o AB at C. In how inaity posi- 
tions can you hold your pencil and still satisfy the conditions of the first 
two sentences? 

6. (a) Hold one pencil perpendicular to a plane MN at a point B. 
Try to hold a second pencil perpendicular to MN at B. 

(6) How many perpendiculars to a plane at a point of the plane, do you 
think there can be? 

6 . {a) Hold one pencil perpendicular to plane MN at A, and a second 
pencil perpendicular to plane MN at B. Wliat kind of linos do those 
pencils suggest to you? 

(6) What tentative conclusion about lines perpendicular to the same 
plane is suggested by part (a)? 

7. (a) Hold the tip of one finger above plane MN. Can you pla<^o a 
pencil touching your finger tip and perpendicular to plane MN? 

(b) Can more than one line passing through a point outside a i)lane be 
perpendicular to the plane? 

(c) What tentative conclusion is suggested by parts (a) and (b)? 

8. (a) Draw a line AB and place point 0 on it. Can you hold a card 
so that one of its edges will pass through C and so that the (sard will be 
what you consider perpendicular to AB? 

(6) Can the card be in more than one position and still satisfy the con- 
ditions of part (a)? 

(c) What tentative conclusion is suggested by parts (a) and (6)? 

127. A straight line is perpendicular to a plane if it is perpendicular 
to every straight line in the plane, passing through its foot; also 
the plane is perpendicular to the line. 
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128 . If a line is perpendicular to each of two lines at their inter- 
section, it is perpendicular to their plane. 

Hyp. ABJLAD] ABlAC, 

AD and AC determine plane RS. 

Con. AB ± plane RS. 

Proof. 1. Draw AB, any other line in RS 
through A; also DEC, cutting AD, AE^ 
and AC at D, E, and G. Extend BA to E', 
making AB' = BA. 

Draw BD, BE, BC, B'D, B'E, and B'C. 

2. Then DB = DE'; CB - CB'. App. § 21. 

3. ADBC ^ ADB'C. App. § 1 1 (c) . 

4. .% ABDE ZB'DE. Why? 

5. ABDE ^ AB'DE. App. § 11(a). 

6. EE = EE'. Why? 

7. AE is a ± -bisector of EE' App. § 12. 

or EE' X AE- 

8. Since AE is any line in RS through A (other than AD and AC) 

BAB' ± plane RS. § 127. 

Note 1. Constructions'^ in solid geometry are theoretical. Instead 
of ^Mraw AE'' as in this proof, it would be more appropriate to say there 
exists a line AE, etc. However, it is customary and is brief to say draw. 

Note 2. This is a model proof. Notice that only one statement appears 
on a line, that it is numbered, and that the authority for it is suggested by 
a reference. If the student writes out a proof in the model form, these 
references should be written in full either at the right of or below the state- 
ments. 

Most of the proofs in the text are only outlined. If a student wishes to 
insure mastery of the subject, and has the time, it will pay to write out 
many or all these proofs in the model form. 

Note 3. The reference App. § 21 in Step 2 refers to § 21 in the list of 
plane geometry references found in the Appendix for Part II on pages 
212 to 214. 

1 . If equal oblique lines are drawn to a plane from a perpendicular to 
the plane, they cut off equal segments from the foot of the perpendicular 
and make equal angles with the perpendicular. 

2. If obliques to a plane from a point on a perpendicular to the plane 
cut off unequal segments from the foot of the perpendicular, they are 
unequal. 
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129. A plane can he constructed perpendicular to a line: 

(a) At a point of the line. (6) From a point not on the Hue. 

Proof of {a). If B is on AA', draw BC ± AA^ in any piano through A A 
Also draw BD ± A A' in any other plane through 
AA'. 

Then plane CBD ± AA' at B. Why? 

Proof of (6). If C is not on A A', draw CB JL A /I ' 
in plane CAA'. Then draw BD _L A A' in any other 
plane through A A'. 

Then plane CBD ± AA', through C. 

Remark. In both cases, it can be proved that only 
one plane can he drawn that satisfies the given rcquircnients. 

130. At a point of a plane a perpendicular can hr constructed to 
the plane. 

Proof. Through 0 of plane MN, 
draw any straight line CD in MN. 

Then draw plane RB J_ CD at 0; 
also draw EO in RB JL AB. 

CD ± EO, since CD ± RB. § 127. 

EO ± AB and CD. 

EO ± MN. § 128. 

Remark. EO is the only perpendicular to MN at 0. A Hceond, like 
would coincide with EO since both would be .L AB in RB. App. § 13(a). 




131. All the perpendiculars to a straight line at a point of the line 
must lie in a plane perpendicular to the line at the given point. 


Proof. If CA, DA, and EA are all ± BF at A, then AB Jl plane CD A. 


(Why?) 

Plane BE A cuts CD A in a line AD', 
BA ± AE'. Why? 
AD and AD' naust coincide since 
both are in DAD and ± DA at A. 

AD must fall in CD A. 

AC, AD, and AD all lie in CD A. 



1. If two obliques, drawn to a plane from a point on a perpendicular to 
the plane, cut off equal segments from the foot of the perpendicular, they 
are equal and make equal angles with the perpendicular. 

2. Non-collinear points A, D, and C are each equidistant from the 
ends of segment XY. Prove that A, D, and C determine a plane that is 
perpendicular to XF at its mid-point. 
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132. One and only one perpendicular can he constructed to a plane 
from a point not on the plane. 


Const. From A, not on plane MNj 
draw AF ± at F to any line ED in MN. 
In MN draw XF ± DE at F. 

In AFX, draw AB ± XF. 

Statement. AB ± MN. 

Proof. Extend AB to A', making 
BA^ = AB. Draw AE, EB, A'E, and 
A'F. 


A 



DE _L plane AFA'. § 128. 

ED X A'F (Why?); also AF - A'F. Why? 

AEFA ^ AEFA' (Why?); and EA = EA'. 

EB X AA', or AA' X EB. App. § 12. 

AA' X MN. Why? 

A second perpendicular to MN from A like AX is impossible, because 
both would be in plane AXB and X XB. 


133. The perpendicular to a plane from a point not on the plane 
is the shortest segment to the plane from the point. 

Proof. In the figure for § 132, AB and any other line AE to MN from 
A determine a plane that intersects MN in BE. 

AB must be less than AE. Why? 


134. The distance from a point to a plane is the perpendicular to 
the plane from the point. 


1. Through the foot of a perpendicular to a plane, a line is drawn per- 
pendicular to any line in the plane, and a line is drawn from the inter- 
section to any point on the given perpendicular. Prove that this line from 
the intersection is perpendicular to the given line in the plane. 


Hyp. AB X MN; CD is in MN. 

AE ± CD at E. 

Con. BE J_ CD. 

Suggestion. Take ED = EC. Prove 
AD = AC; also BD = BC. 

Then prove BE ± CD. 

2. Each of three lines is perpendicular to each of the other two. Prove 
that each is perpendicular to the plane determined by the other two. 

3. A plane is perpendicular to a segment at its mid-point. How do the 
distances from any point of this plane to the ends of the segment compare? 
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The following Exercises suggest theorems about parallels. 

1. (a) Hold two pencils to represent two para-Ilel linCvS. 

(b) Do these lines lie in the same plane? 

2. (a) Hold two pencils to represent two lines in spa,(^e that do not 
intersect but are not parallel. 

(6) Do these lines lie in the same plane? 

3. (a) Let a card represent plane MN and a sec^ond (^a.rd r("pr(isont 
plane RS. Hold planes MN and RS in the position whicli you would (^all 
parallel. 

(b) What definition of parallel planes do you suggest? 

4. (a) Let a pencil represent line AB. Hold your pencil and your card 
to represent a line AB parallel to a plane MN. 

(b) What definition of 'dine parallel to a plane do you suggest? 

6. (a) Place your plane MN on your desk and hold your line AB 
parallel to it. Now place your plane RS so that it rests against line AB 
and intersects plane MN. Mark on plane MN the intersection of it and 
RS. Call the intersection XY. 

(b) What kind of lines do AB and XY appear to ])e? 

6. Hold two cards to represent planes MN and RS porpendicudar to a 
line CD drawn on a sheet of paper. What kind of planes do MN and 
appear to be? 

7. Draw line CD on a sheet of paper on your desk. Hold A B parallel 
to CD. What relation does line AB appear to bear to the plane n^pre- 
sented by the sheet of paper? 

8. Hold two pencils to represent lines parallel to a given plane. Are 
the pencils necessarily parallel? 

9. (a) On your plane MN, draw any straight line AB. Hold plane 
MN parallel to plane RS. 

(b) What relative position do AB and RS appear to occupy? 

10. (a) On a sheet of paper, draw line AB. Hold two pencils to repre- 
sent lines RS and XY, each parallel to AB. 

(b) What kind of lines do RS and XY appear to be? 

11. Hold a pencil so that its point, P, is above a plane MN. How 
many lines through P can be parallel to MN ‘I 

136. (a) A straight line and a plane are parallel if they do not 
meet however far extended. 

(6) Two planes are parallel if they do not meet however far ex- 
tended. 

(c) Two straight lines are skew if they do not Ho in the same 
plane. They cannot meet however far extended. 
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136. If two straight lines are perpendicvlar to the same plane^ they 
are parallel. 


Hyp. AB L MN] CD ± MN. 
Con. AB II CD. 

Proof. Draw BD and AD. In MN, 
draw FDE JL BD, making FD = DE. 
Draw BF, BE, AF, and AE. 

Then BF = BE. App. § 21. 

AABF ^ AABE. Prove. 



.-. AF = AE. Why? 

AD ± FE. App. § 12. 

CD, BD, and AD are co-planar. § 131. 

AB J_ BD; CD ± BD. Why? 

AB II CD. App. § 16. 


137. If one of two parallels is perpendicular to a plane, the other 
is also. 


Hyp. AB II CD and AB ± MN. 

Con. CD ± MN. 

Proof. CD would coincide with the perpendicular 
CE drawn to plane MN from C, because CE and 
CD would both be parallel to AB (App. § 15). ^ 



ED 
/ 


138. If each of two straight lines is parallel to a third line, they 
are parallel to each other. 

Hyp. AB II EF and CD || EF. 

Con. AB II CD. 

Proof. If plane MN is perpendicular to EF, 
then AB and CD must both be perpendicular 
to MN. Why? 

AB CD. Why? 

1. Prove. If three planes intersect in pairs, their lines of intersection 
are either concurrent or parallel. 

Suggestions. Case 1. Assume that two of the lines of intersection meet 
at P. Prove that P must lie on the third. 

Case 2. Assume that two of the lines of intersection are parallel. Prove 
that the third must be parallel to each of them, by using an indirect proof, 
based on Case 1. 

2. Prove that any point on the plane perpendicular to a segment at its 
mid-point is equidistant from the ends of the segment. 
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139. If a line outside a plane is parallel to a line of the planc^ it is 
parallel to the plane. 


Hyp. AB II CD; CD is in MN. 

Con. AB II MN. 

B 


Proof. AB and CD lie in plane AD. 

Plane AD intersects MN in CD. § 125. ^ 

-r 


If AB were to intersect MN at a / 


_V 

point X, then X would be in AD and in 

MN. /. X would be in CD. § 124. 

c 



Then AB would meet CD at X, which is iiupossihhs. 

140. A plane can be constructed parallel to: 

(а) One of two skew lines through the other. 

(б) Each of two skew lines through a point that is not on eith(T. 



Suggestions, (a) Through C of CD, draw CE parallel to AB. Then 
AB is parallel to plane CDE. § 139. 

(6) Through the point A, draw AF || BC and AO || DE. Then plains 
GFA must be parallel to BC and DE. Why? 

141. If a straight line is parallel to a plane ^ it is parallel to the in-- 
ter section of the plane and any plane drawn through the straight line. 

Hyp. AB li MN] AD cuts MN in CD. 

Con. AB II CD. 

Proof. AB and CD are co-planar. 

AB cannot meet CD, because it would 
then intersect MN, to which it is parallel. 

AB II CD. App. § 14. 

1 . A straight line, not in either of two 
given planes, is parallel to the intersec- 
tion of the planes. Prove that it is parallel to each of the planes. 

2. Prove that two lines that are each perpendicular to the same plane 
are co-planar. 

3. Prove that every line in one of two parallel planes is parallel to the 
other plane. 
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142. If two planes are perpendicular to the same straight line, they 
are parallel. See Fig. (a). 

Hyp. MN ± AB at C; PQ J. AB at D. 

Con. MN II PQ. 

Suggestion. If MN were to meet PQ and X were any point on their 
intersection, XC and XD would both be ± AB. This is impossible. 
(Why?) Therefore MN must be parallel to PQ. 


(a) A (h) R 



S 


143. Through a point not on a given plane, a plane can he drawn 
parallel to the given plane. Use Fig. (a). 

Suggestion. If C is not on PQ, ACD can be drawn ± PQ, and plane 
MN± ACDatC. Then MN \\ PQ. 

Remark. It can be proved that only one plane can be drawn 
parallel to a given plane through a point not on the given plane. 

144. If two parallel planes are cut hy a third plane, their intersec- 
tions are parallel. Use Fig. (£>). 

Hyp. MN II PQ] RS cuts MN in AB and PQ in CD, 

Con. AB II CD. 

Suggestion. AB and CD are co-planar. They cannot meet because then 
MN would meet PQ, and this is impossible. 

145. If a straight line is perpendicular to one of two parallel planes, 
it is perpendicular to the other also. 

Hyp. MN\\PQ] ADTMN. 

Con. AD _L PQ. 


Proof. Draw AB and AC in MN. Let 
BAD and CAD cut PQ in DE and DF, re- 
spectively. 

DE II AB] and DF || AC. § 144. 
AD J_ AB and AC. 

AD ± DE and DF. 


AD ± PQ. 



Why? 
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146 . The distance between two parallel planes ia the pcu’pc^ndicnilar 
distance between them. 

147 . Two parallel planes are everywhere equidistant 

Hyp. PQ II MN; AD ± MN; OF ± MN. (Sec § 148.) 

Con. AD - CIt 

Suggestion, Prove AD and CF ± PQ; AD \\ CF, 

Then AC H DF (§ 144), and AD ^ CF, App. § 23. 

148 . If each of two intersecting lines is parallel to a plane, their 
plane is parallel to the given plane. 

Hyp. AB II PQ; AC |i PQ. 

Con. Plane BAC, or MN || PQ. 

Proof. Draw AD ± PQ. Then plane CAD 
cuts PQ in DF || AC. Similarly DE || AB. 

AD ± DF and AQ ± DE. Why? 

AD J, AC; AD JL AB. App. § 17. 

AD ± MN; and MN H PQ. Why? 

149 . If two angles not in the same plane have their sides respectively 
parallel and in the same directions from their vertices, they are equal 
and their planes are parallel. (See Fig. § 148.) 

Hyp. Z CAB is mMN; Z FDB is in PQ. 

AC II DF; AB II DE. 

Con. (a) ACAB = AFDE. (b) MN || PQ. 

Proof, (a) Make AC = DF, and AB - DE. Draw BC, EF, AD, CF, 
and BE. 

Then ACFD is a O. [App. § 24(a).] CF = AD; CF H AD. 

Similarly BE — AD; and BE \\ AD. 

.\ CF - BE; and CF || BE; and then CB = EF. Prove. 

/. AABC ^ ADEF; and ZCAB = AFDE, Prove. 

(6) AC II DF. AC 1| PQ. (§ 139.) Similarly AB || PQ. 

MN II PQ. Why? 

1 . Through a line parallel to a plane, planes are passed intersecting 
the given plane. What is true about the lines of intersection? 

2. From a parallel to a plane, parallel segments are drawn to the plane. 
Prove that these segments are equal. 

3 . A line is parallel to each of several parallel planes. Through it a 
plane is passed intersecting each of the parallel planes. What kind of 
lines are the intersections? 
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160. (a) When two planes intersect, the parts of the planes on 
one side of their line of intersection form a dihedral 
angle; as /.C-BE-A. Its edge is BE] its faces are 
BED A and CBEF. 

The faces extend infinitely far. 

(6) A plane angle of a dihedral angle is formed by 
two rays, one in each face, perpendicular to the edge 
at the same point; as ZZYX. 

(c) Two dihedral angles are equal when their plane 
angles are equal. 

(d) The measure of a dihedral angle is the measure of its plane 
angle. 



(e) A dihedral angle is right, acute, or obtuse according as its 
plane angle is right, acute, or obtuse. Two dihedral angles are 
complementary or supplementary according as their plane angles are 
complementary or supplementary. 

(/) Two planes are perpendicular if they 
form right dihedral angles; or if the adjacent 
dihedral angles formed are equal. 

M 

161. If two planes intersect: 

(a) The opposite or vertical dihedral angles are equal. 

(Jb) Adjacent dihedral angles are supplementary. 



Hyp. Planes RYS and ZYW intersect in line XY. 

Con. (a) ZRXYZ = ZSXYW. 

(6) ZRXYZ + ZZXYS - 180^ 

Proof, {a) Draw ABC in ZYW 1. XY at B; and 
EBD in RYSX ZF at B. 

Then ZEBA is the plane angle of ZRXYZ; ZABD 
of ZZXYS, and ZDBC of ZSXYW. § 150(6). 

ZEBA - ZDBC. (App. § 7.) ZRXYZ - ZSXYW. § 150(c). 

(6) ZEBA + ZABD = 180°. App. § 8. 

.*. ZRXYZ + ZZXYS = 180°. § 150(c). 



1. Prove that three parallel planes intercept pro- 
portional segments on two transversals. 

Hyp. MN II PQ II RS, cutting AC in A, B, and C 
respectively, and A'C' in A', B', and C'. 

Con. AB :BC = A'B' : B'C'. 

Suggestion. Use the adjoining figure. 
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162* If two 'planes are perpendicular, a straight line in one of them 
perpendicular to their intersectiori is perpendicular to the other. 

Hyp. PQ ± MN and cuts it in QR, 

AB in PQ is ± QR. 

Con. AB ± MN. 

Proof. Draw CBC' in MN i. QR. 

AB ± QR. Why? 

A ABC is the plane Z of ZPQRN. § 150(&). 

PQ± MN. /. ZABC = 90°. § ir>()(/). 

/. AB X BC. AB X MN. 

163. If a straight line is perpendicular to a plane, any plane through 
it also is perpendicular to the plane. 

Hyp. AB X MN at B. PQ through AB cuts MN in QBR. 

Con. PQ X MN. 

Suggestion. Draw CBC' in MN X QR. 

:. / ABC is the plane angle of Z PQRN. Why? 

ZAJ3C = 90°. Why? 

PQ X MN. Why? 

164. If two planes are perpendicular, a perpemlieidar to one of th<m 
at a point of their intersection lies in the other. 

Suggestion. If PQ X MN and AB X MiV iit a point B of the inten*- 
section QR of PQ and MN, then AB must lie in PQ, becuuiHC a liiui A^B, 
in PQ drawn X QR at R, would be X MN, and must coincide with AH 
(§130, Remark). 

166. If two planes are perpendicular, a perpendicular to one of them 
from a point of the other must lie in the other. 

Suggestion. If PQ X MN and AB X MN from point A in PQ, then 
AB must lie in PQ because a line AX, in PQ, drawn X QR, is X MN, 
and must coincide with ZR (§ 132). 

AJ5 also must lie in PQ. 

1. Prove. A plane perpendicular to the edge of a dihedral angle is 
perpendicular to the faces of the angle. 

2. Prove. Perpendiculars to the faces of a dihedral angle from a point 
within the angle must lie in a plane that is perpenditailar to the edge 
of the angle. 

3. Prove. A plane can be constructed that bisects a given dihedral angle; 
also, any point on this plane is equidistant from the faces of the given dihe- 
dral angle. 
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166 . A plane perpendicular to each of two intersecting planes is 
perpendicular to their intersection. 

Hyp. MN 1.RS] and MN ± PQ. 

R8 cuts PQ in AB. 

Con. MN A AB. 

Suggestion. A line AX, from A, J_ MN, 
must lie in RS and PQ. § 156. 

AB coincides with AX and is A MN. ^ 

167 . Through a straight line not perpendicular to a plane, one and 
only one plane can he drawn perpendicular to the given plane. 

Hyp. AB is not A MN. 

Con. One and only one plane can be drawn 
through AB A MN. 

Suggestion. Draw AC 1. MN. Then plane 
BAC 1. MN. If two different planes through 
AB were ± MN, their intersection also would be. 

But AB is their intersection and is not A MN. 

1 . Perpendiculars are drawn to the faces of a dihedral angle from a 
point within the angle. Prove that they form an angle that is the supple- 
ment of the dihedral angle. 

2. Prove. If a straight line is parallel to a plane, any plane perpendicular 
to the line is perpendicular to the plane. 

If AB II MN and PR, A AB, cuts MN in RQ, 
then PR A MN. 

Suggestion. Draw CD in PR A RQ- Let 
plane BCD cut MN in DE. 

DE II CB (§ 141). DE X PR. § 137. 

Now prove ZCDE is plane Z of ZPQRN, and 90°. 

3. Given an ZAOB. Let plane RS be perpendicular to AO and plane 
MN he perpendicular to BO. Prove that the intersection of planes RS and 
MN is perpendicular to the plane of ZAOB. 

4. Prove. A plane perpendicular to one of two 
parallel planes is perpendicular to the other also. 

Hyp. AB II CD) XY A AB. 

Con. XY A CD. 

Suggestion. Draw RS, in XY, A XZ. Then 
ES ± AB) RS A CD) XY A CD. 
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158. (a) A polyhedral angle is formed wluni thnn^ or mor<^ intcu*- 
secting planes have only one common point; as 0-ABCj 0-ABCD, 
and 0~ABCDE. 



B D BO 


The faces of the angle are the parts of the planes that form the 
angle; as OAB, OAC^ and OBC of ZO-ABC. The vertex is the 
common point; as 0. The edges are the intersections of the facH^s; 
as OAj OBj and OC of ZO-ABC. The face angles aros tiic angl(\s 
formed by the edges; as ZAOBj ZBOC, and Z6YM of ZO ABC. 
The dihedral angles of the polyhedral angle are tlie angU^ts foniKHi 
by the faces ; as Z C-OA-B, Z A-OB-C, and Z B-OC-A of Z O A BC. 

(b) A polyhedral angle is convex if the polygon fornunl by a plains 

that intersects all the faces on one side of the vertex is as 

O-ABCDf above. Only such will be studied in tins tc^xt. 

(c) A trihedral angle is a polyhedral angle having thrcic fa(^(is; jis 
O-ABC. 

(d) Polyhedral angles are congruent if their parts are (K|ual, (>!a(‘h 
to each, and arranged in the same order; tliey arc symmetric if 
the parts are arranged in opposite orders. 

Thus: 0~ABC and Oi-AiBiCi are congruent; 

0-ABC and O 2 -A 2 B 2 C 2 are syinmctricj. 



{e) Two polyhedral angles are vertical when the faces of one are 
extensions of the faces of the other, through a common vertex. It 
can be proved that they are symmetric. 
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169 . The sum of two face angles of a trihedral angle is greater than 
the third. 

Hyp. ZAOC > ZAOB-, AAOC > ZBOC. 

Con. ZAOB + ZBOC > ZAOC. 

Proof. On face AOC, draw OD making 
ZAOD = ZAOB, and OD = OB. 

Draw plane ABC through B and D, cutting the 
faces in Z\ABC. 

Then AAOJS s AAOD, and AB = AD. 

AB + BO AD + DC. (Why?) BC > DC. App. § 28. Ax. 10. 
In ABOC and ACOD: 

OC = OC; OB = OD; BC > DC. 

ZBOC > ZDOC. App. § 31. 

.-. ZAOB + ZBOC > ZAOD + ZDOC, or ZAOC. Ax. 9. 

160 . The sum of the face angles of any convex polyhedral angle is 
less than 360®. 

Hyp. O-ABCDE is a convex polyhedral angle. 

Con. ZAOB + ZBOC + ZCOD + ZDOE + ZEOA < 360®. 

Proof. Let a plane cut the faces in polygon ABODE, Join X, inside 
ABODE j to each vertex. 

In ZA-BEO, ZEAO + ZOAB > ZEAB, 

(§ 159.) 

In ZB-AOO, ZABO + ZOBC > ZABC. 

In ZO-BDO, ZBCO + ZOCD > ZBCD. 

In ZD-CEO, ZCDO + ZODE > ZCDE, 

In Z E-DAO, ZDEO + ZOEA > ZDEA. 

Adding, the sum of the base A of the A 
with vertex 0 is greater than the sum of the 
base A of the A with vertex X. Ax. 12. 

But the sum of all the angles of each set of triangles is the same; namely, 
5 X 180°, or 900®. Why? 

the sum of the angles at 0 < the sum of the angles at X. Ax. 13. 

The sum of the angles at X — 360®. App. § 9. 

the sum of the angles at 0 < 360°. Why? 

1. Can the face angles of a trihedral angle measure : 

(a) 90®, 100®, and 130®? (6) 80®, 150®, and 70®? 

2. Prove that any face angle of any polyhedral angle is less than the sum 
of the remaining face angles. 
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161. (a) The projection of a point on a plane is the foot of the 
perpendicular to the plane from the point. 

Thus: A' is the projection of A on MN if A A' 
is perpendicular to MN. 

(6) The projection of a line on a plane / 

consists of the projections on the plane of 
all the points of the line. 

Thus: A^B'C' is the projection of ABC on MN if it consists of the pro 
jections on MY of all the points of the curve ABC. 


162. The projection on a plane of a straight line that is not perpen- 
dicular to the plane is a straight line. 

Hyp. AB is not _L plane MN. 

Con. The projection of A R on MY is a straight 
line. 

Suggestion. Through AB, pass plane AD per- 
pendicular to MY. Prove that the feet of all 
the perpendiculars to MY from points on AB lie on the line CD (§ 155). 

163. The acute angle that a straight line makes with its projection 
on a plane is the least angle that it makes with any line in the plane, 
through its foot. 

Hyp. BC is the projection of AB on 
MN. BD is any other line in MY passing 
through B. 

Con. ZCBA < /.DBA. 

Suggestion. Let BD = BC. 

Compare: (a) AD and AC) 

(6) /CBA and /DBA, using App. §31. 

164. (a) The inclination of a straight line to a plane is the acute 

angle made by it and its projection on the plane. 

(6) The projection of a segment on a plane equals the length of the 
segment multiplied hy the cosine of the inclination of the segment to 
the plane. 

Suggestion. BC BA = cos /CBA. .% BC = ? 

1. If two parallels are oblique to a plane, their projections on the plane 
are parallel or coincide. 

2. If two segments are equal and parallel, their projections also are 
equal and parallel. 
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1. How long is the projection of AB on MN: 

(а) If AB = 10 inches and Z CBA ~ 30°? 

(б) If AB = 10 inches and Z CBA = 45°? 

(c) If AB = 10 inches and ZCBA = 60®? 

2. If AR remains unchanged, how does its projection on MN change 
when its inclination to MN increases? 

3. Let Z CBA = 50°, What is the projection of AB on MN if: 

(a) AB - 10 in.? (6) AB = 15 in.? (c) AB - 20 in.? 

4. How does the projection of AB on MN change if its inclination to 
MN is constant and AB increases? 

6. A segment is 25 inches long. How long is its projection on a plane 
if its inclination to the plane is 40°? 

6. How does the projection of AB on MN compare with AB: 

(a) When AB is parallel to MN? 

(b) When AB makes with MN an angle of 60° ? 

7. If a segment is perpendicular to a plane, how long is its projection 
on the plane? 

8. Can the projection on a plane of a curved line or of a broken line 
be a straight line? 

9. If two parallels meet a plane, they make equal angles with the plane. 

10. A segment is perpendicular to one of two perpendicular planes. 
Prove that its projection on the other plane is perpendicular to the intersec- 
tion of the planes. 

11. One side of a right angle is parallel to a plane. Prove that the pro- 
jection of the sides of the angle on the plane is also a right angle. 

12. AABC is located above a plane MN. AB is parallel to MN, and 
altitude CD to AB makes an angle of 30° with MN. If AB = 18 in., and 
CD — 12 in., find the area of aABC and also the area of its projection 
on plane MN. 

13. If two parallel segments are oblique to a plane, they have the same 
ratio as their projections on the plane. 

14. If a straight line intersects two parallel planes, it makes equal angles 
with the planes. 

16. Is the projection on a plane of a parallelogram also a parallelogram? 

16. If two equal segments are drawn to a plane from a point not on the 
plane, they make equal angles with their projections on the plane and their 
projections are equal. 

17. A segment is parallel to one of . two perpendicular planes. Prove 
that its projection on the other plane is parallel to the intersection of the 
two planes. 
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What conclusion follows from the facts given in each of the folUmirig 
Exercises 9 Why? Sketch a figure if necessary. 

1. Plane RS cuts plane MN in AB and plane XF in CD. MN || XY. 

2. Points R and S lie on both of planes MN and PQ. 

3. Plane MN contains AB and cuts plane XY in CD. AB is parallel 
to plane XY. 

4. Line CD contains points X and Y of plane MN. 

6. Line AB J_ plane MN and plane RS J_ line AB. 

6. Line AB and line AD are in plane MN. AB and AD are parallel 
to plane XF. 

7. Line A R is in plane MN. Point X is on 

8- Line AB || line XF. AB, but not XF, is in plane MN. 

9. Plane MN 1. plane RS. MN cuts RS in CD. 

(а) Line XF in MN is L CD at X. 

(б) Line XF ± RR at 0 on CD. 

(c) XF in MN L CD at F; FF in RS ± CD at F. 

10. Line AB ± plane XF. AB is in plane MN. 

11. In trihedral ZO-XFX, ZXOF = 40^^ and Z YOZ = IMF. 

12, Plane XF ± plane MN. Zl is in XY. Line AB ± MN. 

13, X is 12 in. from A and 12 in. from B. Plane RS JL A B at C. 
AC - BC. 

14- Lines XF, RY, and AY are all ± line CD at F. 

16. Line AB JL plane MN. Plane RS || plane MN. 

16. Line RS 1| line TW and plane MN L RS. 

17. Line AC is in planes MN and PQ. Plane XF ± MN and .¥F 1. PQ. 

18. X is 5 in. from plane MN and 5 in. from plane RS. Plane MN 
cuts plane RS. 

19. Line AB J_ plane MN and plane MX JL line CD. 

20. Line XF 1| line AB and line AB || line RS. 

21. Line AB ± line XF at F and ± line ZY at F. 

22. On line AB, AC = CB. Plane MN JL AB. C is on MN. D is on 
MN and is 10 in.^from A. 

23. Lines Z.R and CD are oblique to a plane MN. Lines AX and CY 
are perpendicular to MN. 

24. Planes MN and XF are cut by plane CD. 

(a) Plane MN is parallel to plane XF. 

(b) Plane MN is perpendicular to plane XF. 

26. Plane MN \\ plane PQ. Line XF is the edge of dihedral Z WXYZ. 
Planes MN and PQ intersect XF and the faces of Z WXYZ. 
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166. (a) A sphere is a closed surface whose points are all equi- 
distant from a point, called the center. 

The figure above, from an early page of a text on navigation, rep- 
resents a sphere, and some of the circles and lines associated with it, 
projected on a plane that is tangent to the sphere at its south pole/' 

(Jb) A radius of a sphere is a straight line segment from the center 
of the sphere to a point of the sphere. 

(c) A diameter of a sphere is a straight line segment through the 
center of the sphere, having its end points on the sphere. 

(d) All radii and all diameters of the same sphere are equal. 


166. If a plane intersects a sphere, the intersection is a circle. 


Hyp. A and B are any points of the 
intersection of sphere 0 and plane MN, 
Con. The intersection is a circle. 

Proof. Draw 00' 1. MN oX O'. Draw 
OA, OB, O' A, and O'B. 

AOO'A ^ AOO'B; O' A — O'B. Prove, 
all points of the intersection lie on a cir- 
cle with radius O' A and center O'. App. § 5. 

171 
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167. (a) A great circle of a sphere is the intersection of the sphere 
and a plane through its center. 

The center of a great circle is the center of the 
sphere; the radius is the radius of the sphere; as 
OA. Therefore: 

All great circles of a sphere are equal. 

A great circle of a sphere separates the sphere 
into two equal surfaces, hemispheres. 

The planes of two great circles intersect in a diameter of the 
sphere, since each passes through the center. 

(h) A small circle of a sphere is the intersection of the sphere 
and a plane that does not pass through the center of the sphere; 
as QDFE above. Its radius is less than that of the sphere. 

(c) The axis of a circle of a sphere is the diameter of the sphere 
that is perpendicular to the plane of the circle. 

(d) The poles of a circle of a sphere are the ends of its axis. 

Thus: POP' is the axis, and P and P' are the poles of circles ABC and 
DFE. 

168. The following facts about circles of a sphere can he proved. 

ia) Through the ends of a diameter of a sphere an infinite number 
of great circles can he drawn. 

(Z>) Through two points not the ends of a diameter j one and only 
one great circle can he drawn. 

(c) Through a point of a sphere one and only one small circle can 
he drawn j parallel to a given great circle. 

{d) Through three points of a sphere, in general, one and only one 
small circle can he drawn. 

(e) A point of a sphere is a pole of a>ve and only one great circle, 
hut of an infinite number of small circles. 

(/) All circles of a sphere that lie in parallel planes have the same 
axis and the same poles. 

(g) A great circle that passes through one pole of a given circle passes 
through the other pole also. 

1. Prove that all circles made by parallel planes have the same axis and 
poles. 

2. Prove that a point can be the pole of only one great circle, but of an 
infinity of small circles. 
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169. Great circles of a sphere correspond to straight lines in a 
plane. The following theorem is proved in higher courses in mathe- 
matics. 

The arc of a great circle, less than a semicircle, between two points of 
a sphere, is less than any other line on the sphere joining the two points. 

170. The spherical distance between two points of a sphere is the 
smaller arc of the great circle between them. 

171. The spherical distances of all points of a cirqle of a sphere from 
a pole of the circle are equal. 

Hyp. P and P' are the poles of OABC on sphere 0. 

Con. All points of oABC are equidistant from P and P'. 

Proof. Let X and Y be any two points of qABC. 

Draw great circle arcs 'PX and 

POP' ± plane ABC at O'. § 167(c) and {d). 

Then APZO'^Z^O'.^ App. § 11(a). 

PX = PF; PZ = PY. App. § 32(a). 

ifx = ff. Why? 

172. The polar distance of a circle of a sphere is the spherical 
distance to any point of it from its nearer pole. 

173. The polar distance of a great circle is a quadrant. 

In the adjoining figure, if P is a pole of great 

circle ABC, then Z.POB is 90°, and PB must be 
a quadrant of OPBP'. 

Remark. Hereafter '^quadrant" will mean a 
quadrant of a great circle. 

1. (a) What is the length of all great circles of a 
sphere of which the radius is 10 inches? 

(6) What then is the polar distance of great circles of this sphere? 

2. The radius of the earth is about 4000 miles. What is the polar 
distance of any point on the equator? 

3. In § 171, if PO = 10", and ZXOP = 60°, what is the polar distance 
of oABCl 

4. Prove. The planes of all equal small circles of a sphere are equi- 
distant from the center of the sphere. 

6 . Prove. Circles of a sphere that are equidistant from the center of 
the sphere are equal. 
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174. A point of a sphere at a quadranVs distance from each of two 
other points of the sphere, not the ends of a diameter, is a pole of the 
great circle through the points. 

Hyp. P is on sphere 0. PA and PB are 
quadrants. OABC is the great circle through 
A and B. 

Con. P is a pole of qABC. 

Proof. Draw PO, OA, and OB. Then 
ZPOA = 90^ and PO 0 A. App. § 35. 

Similarly PO ± OB. 

PO ± plane ABC. 

P is a pole of OABC. 

1. What is the radius of the small circle that is Z'' from the center of a 
sphere having radius of 6"? 

2. In Example 1, what is the length of the chord of a quadrant of a great 
circle? 

3. In Example 1, what is the polar distance of the small circle, correct 
to tenths of an inch? 

4. What is the length of the chord of the polar distance of a great 
circle on a sphere of radius 12", correct to tenths? 

6. What is the polar distance of the great circle in Example 4? 

176. To draw a great circle on a sphere:, {a) It is necessary to 
know the radius of the sphere. When the radius 
is not given, it can be found by means of a pair 
of outside calipers, such as are pictured at the 
right. 

(b) Next, find the chord of a quadrant, by drawing on a plane a 
circle having the radius of the sphere. Find the chord of a quadrant 
of this circle. 

(c) With radius equal to the chord of a quadrant and a pole of 
the great circle as center, draw a circle on the sphere. This can 
be proved to be the required circle. 

176. To locate the pole of a given great circle: Take as radius the 
chord of a quadrant. Then, from any two points of the circle as 
centers, strike intersecting arcs. The intersection is the required 
pole (§ 174). 

If there is a blackened sphere available, carry out the directions 
for the constructions given in this and the previous section. 
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177. A line or a plane is tangent to a sphere when it has only one 
point in common with the sphere. 

178. If a line or a 'plane is perpendicular to a radius of a sphere 
at its outer extremity, it is tangent to the sphere. 

Hyp. (a) MN 1, radius OA at A. 

(fi) XY± OA at A. 

Con. (a) MN is tangent to sphere 0. 

(b) XY is tangent to sphere 0. 

Proof, (a) Join any point B of MN, 
except A, with 0. Then OB > OA. 

B lies outside the sphere. 

MN is tangent to the sphere. 

(6) The same proof is used for part (6). 

Remark. The converses of parts (a) and (h) are obviously true. 

179. All lines tangent to a sphere at a point of the sphere lie in the 
plane tangent to the sphere at the point. 

Suggestion. Recall § 131. 

1. State the converses of parts (a) and (6) of § 178. 

2. A point P lies at distance d from the center of the sphere with radius r 
{d is more than r). A tangent to the sphere is drawn from P. Express 
the length of this tangent in terms of d and r. 

3. (a) How many tangents can be drawn to a sphere from a point out- 
side the sphere? 

(6) Prove that all these tangents are equal. 

4. (a) Prove that the points of contact of all the tangents in Exam- 
ple 3 form a circle. 

(6) What is the radius of the circle in part (a)? 

Note. These tangents form a conical surface. (See § 239.) 

6. A great circle and a small circle intersect at right angles, at point P. 
AB is tangent to the great circle at P, and lies in its plane; CD is tangent 
to the small circle at P, and lies in its plane. Prove that AB is perpendicular 
to CD. 

Suggestion. What kind of planes are the planes of the two circles? 
Then use § 152. 

6. Let NOS be the axis of great circle XYZ of sphere 0; let plane MN 
be tangent to the sphere at S] let NXS and NY She two great circles of 
sphere 0, through diameter NOS. Prove that the planes of ®NXS and 
NYS inters ect J£ N in ZX'SY' that equals ZXOY. 
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180. (a) A spherical angle is formed by two great circle arcs; as 
ZBAB' in § 183. 

(6) The measure of a spherical angle is defined to be the measure 
of the angle formed by the tangents to its sides at its vertex; as 
Z.DAD' in § 183. 

(c) It is agreed to say and to write that two angles are or that 

an angle equals an arc, when their measures are equal. It is implied 
that the angles are measured in angular-degrees and the ares in arc- 
degrees. This is customary. 

181. A spherical angle has the same meas^ire as the dihedral a>ngle 
formed by the planes of its sides. 

This is true because the angle formed by the tangents i/O the sich^s 
of the spherical angle at its vertex is the plane angles of the diluHlral 
angle. § 150(6) and (d>); § 180(6). 

182. An arc of a great circle drawn to another through a pole of the 
latter is perpendicular to the latter. 

Thus: In Fig. § 183, AB' must be ± BB', by § 181. 

183. A spherical angle has the same measure as the arc of the great 
circle drawn from its vertex as pole and included between its sides j ex- 
tended if necessary. 

Hyp. Great (i)ABC and AB'C lie on sphere 0. A is a ]>olc of great 
circle arc BB'. 

Con. ZBAB' = BB'. See § 180(c). 

Proof. (i)ABC and AB'C intersect in diameter 
AOC. Draw OB and OB'; also AD tangent to AB 
and AD' tangent to AB'. 

AB and AB' are quadrants. § 173. 

Then AO 1. OB and OB'] or 

OB X AO and OB' X AO. App. § 35. 

Also AD X AOj and AD' X AO. App. § 34. 

.% AD II OB and AD' || OB'. A BOB' = A DAD'. § 149. 

A BOB' =BB' ) A BAB' - A DAD'. Prove. 

ABAB' = BB'. 

1. In^a figure like that for § 183, how many degrees are there in A BAB' 
when RR' equals : (a) 60®? (6) 90®? 

2. If increases until it becomes a semicircle, what happens to 
AB.AB'? 
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184. The earth is almost spherical in shape, its diameter through 
the equator being about 27 miles more than through its north and 
south poles. We shall ignore this small variation from spherical 
shape, although it must be taken into account in certain problems 
of navigation. 

The earth revolves once each 
day around one of its diameters, 
called its axis. The north and 
south poles of the earth are the 
ends of its axis. 

The equator of the earth is 
the great circle whose plane is 
perpendicular to the axis of the 
earth. Therefore the north and 
south poles of the earth are also 
the poles of the equator. 

The location of points on the earth is expressed by a set of me- 
ridians and a set of parallels of latitude. 

The principal meridians are 180 great circles through its poles 
that divide the equator into 360 one-degree arcs. The prime merid- 
ian is the one through Greenwich, England; the others, east and 
west of it, are numbered consecutively from 1® to 180°. Each de- 
gree is divided into 60^ and each minute into 60". The longitude of 
places on earth is expressed by means of these meridians. 

Thm: The longitude of New York is 73° 57' 30" W and that of Lenin- 
grad is 30° V7' E. The difference of longitude of these two places is 
the sum of the numbers, or 104° 15' 21". 

The parallels of latitude are small circles parallel to the equator, 
that divide the prime meridian (and every other meridian) into 1° 
arcs. These parallels are numbered consecutively from 1° to 90° 
north and south of the equator. The latitude of places on the earth 
is indicated by means of these parallels. 

Thus: The latitude of Chicago is 41° 50' 1" N and that of Rio de Janeiro 
is 22° 54' 24" S. 

Since the earth revolves through 360° in 24 hours, it revolves 
(from west to east) 15° in one hour. Therefore two points whose 
difference in longitude is 15° differ one hour in solar time, the one 
at the west being one hour behind the one at the east. This variation 
in solar time led to the introduction of standard time. 
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1. Prove that the latitude of a place equals its angular distance from 
the equator, 

2. Prove that the difference of longitude of two places is the measure 
of the dihedral angle formed by the planes of their meridians, 

3. Prove that the north and south poles of the earth are the poles of 
all the parallels of latitude. 

4 . Prove that every meridian is perpendicular to the equator and to 
every parallel of latitude. 

5. What is the difference in solar time of A and B if the longitude of A 
is 24° 40' W and of B is 54° 40' W? 

A nautical mile is the length of one minute of arc of the equator 
or of any meridian, (See first paragraph of § 184.) It moasiu’es 
about 6080.27 ft. Distances in navigation are expressed in naut\ -d 

miles. 

6 . What is the length of the equator (in nautical miles) ? 

7 . What is the distance between two points that have the same longi- 
tude if their difference in latitude is 8°? 

8. What is the distance between two points on the equator if their 
difference in longitude is 15°? 

9 . (a) If R represents the radius of the earthy 
and A is a position having latitude L° N, prove that 

the radius of the parallel of latitude through A is \ 

R cos L. 

(h) What is the length of the parallel in nautical 
miles? 

10. Consider two points that have latitude L° N 
and difference in longitude of 30°. 

(а) Using the result of Example 9(6) what is the distance between 
these two points, measured along the parallel? 

(б) Along what line would the shortest distance between the two points 
be measured? 

(c) What can you infer then about the shortest distance between the 
two points? 

Note. This distance can be found by plane trigonometry. 

11. {a) When it is noon at Greenwich, what time is it at points whose 
longitude is 180° W? 

(6) How many nautical miles west of the prime meridian is such a 
point if it lies on the equator? 

Note. Such points lie on the International Date Line; on opposite 
sides of this line there is a difference of one in the day of the week. 
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186. (a) A spherical polygon is formed, as polygon ABCD, if 
three or more points on the same hemisphere, no three on the same 
great circle, are joined two at a time by great 
circle arcs. 

{h) The polyhedral angle at the center of the 
sphere, whose edges are the radii drawn to the 
vertices of the polygon: 

(1) Plas face angles with measures the same 
as the corresponding sides of the polygon; as 

/AOD-iD. 

(2) Has dihedral angles with measures the same as the correspond- 
ing angles of the polygon; as /.DAOB == A DAB. 

f 

\ ' 186. Any side of a spherical triangle is less than the sum of the other 
two sides. 

Hyp. AABC is on sphere 0. 

Con. AC < AB -i- BC. 

Proof. Form trihedral Z 0-ABC. 

Then ZCOA < A BOA -j- ABOC. § 159. 

ACOA^CA; a BOA ^ BA) ABOC BC, 

:. AC < AB + BC. Why? 

• , 187. The sum of the sides of any convex spherical polygon is less 
than 360° on a great circle of the sphere. 

Hyp. ABCD is a convex spherical polygon on 
sphere 0. 

Con. AB^i-BC + Ch^DAK 360°. 

Proof. Form polyhedral / 0-ABCD. 

AAOB + ABOC + A COD + A DO A < 360°. § 160. 

AAOB = AB; ABOC = BC; etc. Why? 

(Complete the proof.) 

1 . What is the maximum length, in inches, of the perimeter of any con- 
vex spherical polygon on the sphere of radius 10"? 

2. (a) A spherical triangle has one angle that intercepts 45° on the great 
circle whose pole is the vertex of the angle. How large is the angle? 

(b) If the sides of this angle extend to the great circle, how large are 
they and the other two angles of the triangle? 

3. What part of the length of a great circle of a sphere is the perimeter 
of the spherical triangle whose corresponding face angles measure : 

(a) 60° each? (6) 90° each? (c) 90°, 90°, and 120°? 
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188. Polar triangles. If the vertices of one spherical triangle are 
the poles of the sides of another, then the second triangle is the polar 
triangle of the first. However, this polar triangle 
must be selected as follows: 

Let A ARC be the given spherical triangle; let 
A, B, and C be the poles of three great circles. 

These great circles divide the sphere into eight 
spherical triangles, of which the polar of A ABC is 
selected and named thus: 

A'C' and A'R', drawn from B and C respectively as poles, inter- 
sect in two points, of which the one nearer to A is marked A', and 
the other A". Similarly B' and B", C' and C" are located and 
marked. Then AA'R'C' is the polar of A ARC. 

As in plane geometry, AR, AC, and RC are named c, h, and a; 
also A'R', B'C\ and A'C' are named c', a', and 5'. 

a' is said to correspond to A; h' to R; etc. 

Notice that A' and A" are diametrically opposite points of the 
sphere; also R' and B"; and C' and C". 

189. If one spherical triangle is the polar of a second, then the 
second is the polar of the first. 

Hyp. AA'R'C' is the polar of A ARC. 

Con. AABC is the polar of AA'R'C'. 

Plan. We must prove that A' is the pole 

of BC, R' of AC, and C' of AR. To do so, we 
prepare to use § 174. 

Proof. AA'R'C' is the polar of A ARC. 

AR' or R'A is a quadrant. 

Similarly CR' or R'C is a quadrant. 

R' is the pole of AC. 

Similarly C' is the pole of AR, and A' of Bd. 

AARC is the polar triangle of AA'R'C'. 

190. Mutually polar triangles are two spherical triangles on the 
same sphere, each of which is the polar of the other. 

1. Draw the figure for § 189 when: 

(a) Bd = 90^ (6) AR = RC - 90°. (c) AB ^ ^ Ad 90°. 
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191. In two mutually polar triangles, each angle of one is the sup- 
plement of the corresponding side of the other. 

Hyp. AABC and AA'B'C' are mutually polar. 

Com + S' - 180°; Z.B + S' = 180°; ZC + ? = 180°. 

Proof. Let AB cut B'C' at D and AC cut B'C' 
at E. 

Then B' is a pole of 1^; B^ = 90°. 

Similarly = 90°. § 173. 

^ ^ = 180°. 

.*. B^ A- DE =- 180°, 

or B^' + ^ = 180°. 

ZA = 5e (§ 183); WC' + ZA = 180°. 

ZZ. H- S' — 180°. Similarly /.B A- h' — 180°; etc. 

192. The sum of the angles of a spherical triangle is more than 
180® and less than 540°. 

Hyp. AABC is any spherical triangle. 

Con. ZA A- ^B + AC > 180° and < 540°. 

Proof. Let A A' B'C' be the polar of AABC. 

ZA + S' = 180°; Z^ + S' - 180°; and ZC + ? = 180°. 



(Z A + ZR + ZC) + (o' + 6' + ?) = 540°. 

Why? 


a' + b' + 2 ' < 360°. 

§ 187. 


.-. ZA + ZR + ZC > 180°. 

Ax. 13. 

Since 

o' + 5' + ? > 0°, ZA + ZR + ZC < 540°. 

Why? 


193. The spherical excess of a spherical triangle is the excess of 
the sum of its angles over 180°; that of a spherical polygon is the 
excess over (n — 2)180°. 

1. The sides of a spherical triangle measure 77°, 123°, and 95°. How- 
large are the corresponding angles in the polar triangle? 

2. The angles of a spherical triangle measure 86°, 131°, and 68°. How 
large are the corresponding sides of the polar triangle? 

3. If a spherical triangle is equilateral, what is true about the polar 
triangle? 

4. The dihedral angles of a trihedral angle at the center of a sphere measure 
75°, 100°, and 65°. How large are the sides of the polar triangle of the inter- 
cepted spherical triangle? 
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1 . A spherical polygon lies on a sphere having a radius of 12 in. Prove 
that the perimeter of this polygon must be less than 247r in. 

2 . (a) In spherical A ARC, ZR and /C are each right angles and 
side BC measures 35°. How large is ZA7 

(b) How long are ^Jr, SCj and AC if the radius is 10 in.? 

3 . What is the spherical excess of the triangle whose angles measure: 

(a) 90° each? (b) 80°, 100°, and 60°? (c) 105°, 135°, and 150°? 

4 . The sides of one spherical triangle measure 75°, 125°, and 95°, re- 
spectively. 

(a) How large are the angles of the polar triangle? 

(b) What is the spherical excess of the polar triangle? 

6. Two sides of a spherical triangle are quadrants and the third side 
is less than a quadrant. 

(а) What can you prove about the angles of this triangle? 

(б) What can you prove about the angles of the polar triangle? 

6. A spherical triangle is hi-rectangular when just two of its angles are 
right angles. 

(а) What point is the pole of the side of this triangle that joins the 
vertices of the two right angles? 

(б) If this triangle is on the earth, what is its perimeter in nautical 
miles? 

(c) What is the relation between the third angle of such a triangle and 
the side opposite it? 

id) If the third angle measures 20°, and the triangle is on the earth, 
what is the length of the third side in nautical miles? 

7 . A spherical triangle is tri-rectangular when each of its angles is a 
right angle. 

(а) What is the pole of each of its sides? 

(б) What is the relation between each side and the opposite angle? 

(c) If this triangle is on the earth, what is the length of each side in 
nautical miles? 

id) If this triangle is on a sphere having 21" radius, what is its perim- 
eter, correct to tenths of an inch? 

8. In spherical A ARC let ZR = 15°, ZA = ZC = 90°. Draw the 
figure that represents this triangle and also its polar triangle. Then 
determine the size of each angle and each side of the polar triangle. 

9 . If two angles of a spherical triangle are right angles, prove that the 
corresponding angles of the polar triangle are right angles. 

10 . In spherical AXYZy ZX = 75° and X is the pole of YZ. If the ra- 
dius of the sphere is 20 in., how long is each side of AXYZy correct to tenths 
of an inch? 
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194. Diametrically opposite spherical triangles are equal. 

Proof. In the adjoining figure, A ABC and 
AA'B'C' are located so that AOA'j BOB'^ and 
COC' are diameters. / /\ 

Let P be the pole of the small circle through 
A, Bj and C. Draw diameter POP', and great 
circles BPB'P', PCP'C\ and APA'P'. 

Since ZBOP = ZB’OP', BP = B^'. Why? 

Similarly PC = P^', and PA = .PA'. 

PB ^PC PA. § 171. 

^ fl = PC fB' = fA' = P^'. Why? 

Dihedral ZB-PO-C - dihedral ZB'-PD-C'. § 151(a). 

ZBPC ^ ZBT'C'. §181. 

APBC can be made to coincide with AP'B'C', with on P'B', 
ZP on ZP'j and j® on P'C'; their areas are equal. 

Similarly APCA = AP'C'A', and APPA = AP'P'A'. 

Adding, AABC - AA'P'C'. Why? 

Note. Observe AABC equals AA'P'C' in area; they are not congruent. 


Why? 
§ 151(a). 
§181. 


196. If two spherical triangles have the parts of one equal respec- 
tively to those of the other: 

(a) The triangles are congruent if the parts are arranged in the 
same orders. 

(h) They are symmetric if the parts are arranged in opposite 
orders; as AABC and AA'B^C', above. 


196. From the proof of § 194 it is clear that: 

(a) Two diametrically opposite spherical triangles are symmetric. 

(h) Two symmetric spherical triangles are congruent if one of them 
is isosceles; as APBC and AP'B'C'. 

They were proved congruent by superposition. Any pair of symmetric 
spherical triangles, of which one is isosceles, can be made to coincide. 

(c) Any two symmetric spherical triangles are equal. 

Proof. If a AA'P'C' is symmetric to AABC, form AA"P"C" diametri- 
cally opposite AA'P'C'. The parts of AA"B"C" must then be equal to 
those of AAPC as well as those of AA'B'C', and arranged in the same 
order as those of AABC since both triangles are symmetric to AA'P'C'. 
AA"P"C" is congruent to AABC, and therefore equal to it. 

Therefore AABC = AA'JB'C'. 
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199. Two spherical triangles on the same or equal spheres are con- 
gruent or symmetric if they are midvMlly equilateral, depending on the 
arrangement of the corresponding parts. 

Hyp. AB = 5b D^'; 

AC = 5^ = j5t'; 
jBd = = #?'. 

Con. (a) AABC is symmet- 
ric to A DBF; 

(b) AABC ^ AD'E'F'. 

Proof, (a) Place AABC so that AC coincides with its equal DF and 
draw great circle arc 

Then Zl = ^2 and Z3 = /4. Hyp.; § 198. 

Z1 + Z3 = Z2 + Z4. Wh-y? 

AABC is symmetric to ADEF. Prove. 

(b) In the case of AABC and AD'E'F', imagine AD"E''F'^ symmetric 
to AD'E'F'. Therefore it must be symmetric to AABC by part (a). 

AABC ^ AD'E'F' since both are symmetric to AB"E"F" . 

200. Two spherical triangles on the sarne or equal spheres are con- 
gruent or symmetric if they are mutually equiangular. 



A' D' 




Proof. Let AABC and ADEF be mutually equiangular. Let AA'B'C' 


and AD'E'F' be their polar triangles. 

AA'B'C' and D'E'F' are mutually equilateral. § 191. 

AA'B'C' and AD'E'F' are congruent or symmetric. § 199. 

AA'B'C' and AD'E'F' are mutually equiangular. § 195. 

But AABC and ADEF a^re the polars of AA'B'C' and AD'E'F', § 189. 
AABC and ADEF are mutually equilateral. § 191. 


Being mutually equilateral, by proof, and mutually equiangular, by 
hypothesis, AABC and ADEF are either congruent or symmetric, ac- 
cording to the arrangement of their parts. 

1. Give the theoretic construction of the arc of a great circle that bisects 
a given spherical angle. 
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201. If two angles of a spherical triangle are equal, the sides opposite 
are equal. 

Proof. Let Z R = Z C. 

Let AA'R'C" be the polar of A ABC. 

Since ZB = ZC, then 6' = ?. Why? 

ZB' = ZC'. §198. 

But h and c are the supplements of Z B' and Z C' 
respectively. § 188; § 191. 

b = c, or AC = AB. 



202. If two angles of a spherical triangle are unequal, the sides op- 
posite are unequal, the one opposite the greater angle being the greater; 
and conversely. 


Hyp. ZB > ZC. Con. AC > AB. 

Proof. Draw great OBD, making ZCBD 
equal Z C. 

Then: §b = CD) + RD > AB. 

AD + 'DC > AB, or AC > AB. 

The converse is proved by the indirect 



203. You observe, then, that there is a theorem about spherical 
triangles that corresponds to each of several theorems about plane 
triangles; with the additional theorem that two spherical triangles 
are congruent or symmetric when they ai^e mutually cciuiangular, 
whereas two plane triangles are only similar under these condi- 
tions. 

On the other hand, there is no great circle on a sphere that is 
parallel to another great circle. Therefore all the theorems of plane 
geometry that depend on the concept of two parallel lines fail to be 
true in spherical geometry. 

A notable instance is the theorem in § 192. There it was proved 
that the sum of the angles of a spherical triangle is greater than 180"^, 
whereas in plane geometry the sum of the angles of a triangle is 180^. 

1. Prove that the arc of the great circle bisecting the vertex angle of an 
isosceles spherical triangle is perpendicular to the base and bisects the base. 

2. Prove that two points equidistant from the ends of a great circle 
minor arc determine the great circle perpendicular to and bisecting the arc. 

3. Prove that an arc can be constructed from a point on a given arc that 
makes a given angle with the given arc. 
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204. (a) A zone of a sphere is the part of the sphere between 
two parallel planes. 

(6) The circles, A A' and HR', in which the 
planes cut the sphere are the bases of the zone; 
and the perpendicular between the planes is its 
altitude; as XY. 

(c) The zone between E and circle AA' is a 
zone of one base. 



206. A zone may he generated by revolving an arc of a great circle 
around the dianaeter of the great circle. 

Thus: Let RBSB' be a great circle, of which AB is an arc. When 

RBSB' revolves around BOS, RBS generates the sphere' and AB gener- 
ates the zone whose bases have diameters AA' and BB\ 


206. (a) We find the area of a zone by in- 
scribing broken line ACB in AB, with AC = CB, 

When AB revolves, AC and BC each gener- 
ate a frustum of a right circular cone. It 
can be proved that the area of this frustum is 
S = 27rpiXY where is the distance of chord 
AC and of chord CB from 0, ^ 

If we double the number of chords in AB by bisecting AC and 



CB, and revolve the resulting broken line, the area generated by the 
line is /S = 2 'irp 2 XY‘, is longer than pi, as the chords are shorter. 

If we double the number of chords in A B several times, the re- 
sulting area obtained becomes approximately that of the zone, and 
p becomes approximately r. We conclude that: 


the area, Z, of the zone — 27rrXY. 


Z = 27rrh. 


(6) The formula for the area of the sphere is obtained by observing 
that the sphere is the zone whose altitude is 2r. 

the area, S, of the sphere = 27rr(2r). 

/. 5 ? = ^irrK 

Thus: If the radius of the sphere is 14, the area of the sphere is 
22 2 
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207. (a) A lune is that part of a sphere that lies between two 
semicircles of great circles. 

(6) The angle of a lune is the angle between the semicircles. 

208. It can be proved that: 

(a) Lunes of a sphere having equal angles are con- 
gruent, and therefore equal {or equal in area). 

(h) Lunes of the same sphere have the same ratio 
as their angles. 

Thus: If ZBAC - then 

lune BACA' = | lune DAG A'. 

(c) A sphere may be considered the lune whose angle is 360®. 
Therefore the area of a lune whose angle contains A degrees is to the 
area of the sphere as A is to 360. 

(d) If we let La = the area of the lune whose angle contains A 
degrees, then La = A(4Tr2)/360. 

La = 7rr2A/90. 

209. As a consequence of § 20S(b): 

La + Lb = also La Lb — T/ca-B). 

That is: The sum or difference of two lunes is a lune whose angle 
is the sum or difference of the angles of the given lunes. 

"210. A spherical triangle equals {in area) half the lune whose angle 
equals the spherical excess of the triangle. 

Hyp. Let E = the excess of AABC located 
on sphere 0. 

Con. AABC = iL^. 

Proof. Complete the circles of which AR, AC, bk. /— '4b' 

and BC are arcs. Draw the diameters AOA', \ / 

BOB', and COC. 

AABC + AACB' = Lb. Why? "" 

AABC + AA’BC = La', AABC + AACB = Lc. 

But AACB = AA'CB'. § 194. 

Substituting AA'CB' for AAC'B and adding, we get 
2 A ARC + 1/180“ = I/(A+j?+o). 

2 A ARC == R(A+a+c) “ Liso®, or Le- .*• AABC = §1/^. 
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211. If the radius of a sphere is r, and the excess of /\ABC is E, 
the formula for the area, S, of A ABC is: 

^ 180 ' 

Proof. Le = AABC iLi A ABC = 

212. The area of any spherical polygon whose excess is E also is 
given hy the formula S = xr^jEZ/lSO. 

This is true because the excess of the polygon is the sum of the 
excesses of the triangles into which the polygon can be divided by 
drawing diagonals from one vertex to each of the others; and the 
area of the polygon is the sum of the areas of these triangles- The 
excess of the polygon equals the sum of its angles diminished by 
(n - 2)180®. (§ 193.) 

1. Find the area of the spherical triangle whose angles measure 125°, 
130°, and 105°, on the sphere with radius 10 in. 

2. Find the , area of the spherical triangle on the sphere with radius 
12 inches if the angles measure 103°, 112°, and 125°. 

3. The sides of a triangle on the sphere with radius 15 in. measure 
40°, 65°, and 95°. Find the area of its polar triangle. 

4. What part of the sphere is intercepted by a trihedral angle whose 
dihedral angles measure 85°, 55°, and 100°? 

6. What part of the sphere is a tri-rectangular triangle? 

6. Compare the area of a tri-rectangular triangle of a sphere with 
that of the plane triangle whose sides are the chords of the spherical tri- 
angle, if the radius of the sphere is 14 inches. 

7. The radius of the earth is about 4000 miles. What is the area of 
the earth correct to the nearest million square miles? 

8. What is the area of the lune bounded by two meridians when the angle 
of the lune is 1°? 

9. Assume that AABC on the surface of the earth has angles A and B 
each measuring 90° and angle C measuring 15°. What part of the surface 
of the earth is bounded by this triangle? 

10. What is the area of the zone bounded by 30° N latitude and 
30° 8 latitude in terms of the radius r? 

11. The north temperate zone is bounded by 23.5° N and 47° N. Ex- 
press its area in terms of the radius, r, of the earth. 

12. How does the area of a sphere change when its radius is doubled? 
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213 . Maps of the world are essential for navigators. Since it is 
impossible to flatten out a sphere, map makers represent parts of 
the surface of the earth by figures that correspond to them, point 
for point. 

One way of representing a sphere on a cylinder, point for point, 
would be as follows, (a) If Fig. (a) be revolved about XZ : ZW^X Wi 
generates sphere 0 of Fig. (fe); A BCD generates cylinder DB; 
TFiTFs, the equator TF1TF2; R1R2 and S1S2, parallels of latitude; 
the circle S1S2 on the cylinder. 



Fig. (a) Fig. (6) 


( 5 ) Extend the radii of the sphere to intersect the cylinder. The 
projection of Wi is Wi] of ^Siis/S/; of R2 is C] of OS'xS^ is OaS/aS 2'; 
of arc TFi^Si is segment 

The parallels of latitude become circles on the cylinder, parallel 
to the equator, equal in length to it, but spaced at increasing dis- 
tances as the distance from the equator increases. 

The meridians become equidistant straight lines, perpendicular to 
the plane of the equator. 

(c) If the cylinder is cut on line AD and flattened out, the surface 
of the sphere will be represented on a plane. The meridians would 
be represented by equally spaced straight lines perpendicular to the 
straight line that represents the equator; the parallels of latitude, 
by straight lines parallel to the equator, equal in length to the equa- 
tor, and at distances that increase as the latitude increases. As the 
latitude increases, the surface represented is stretched laterally and, 
in the direction perpendicular to the equator, even more. In fact, 
for high latitudes, the elongation perpendicular to the equator pro- 
duces extreme distortion. 
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214. The Mercator map of the world is suggested by but is not a 
geometric projection like that described in Section 213. The merid- 
ians on a Mercator map are represented by straight lines perpendicu- 
lar to a straight line representing the equator and equally spaced, 
per degree of longitude. Any parallel of latitude is represented by 
a line parallel to the equator; the locations of the corresponding 
lines are determined so that, at any point on the map, distances 
parallel and perpendicular to the meridian through the point are 
stretched by the same per cent as compared to distances on the 
earth; hence, the angle formed by two intersecting paths on the 
earth is the same as the angle formed by the representations of these 
paths on the map, 

70 
60 


40 

20 

0 

20 

40 


60 

On the map above, AB represents a curve on the world which crosses 
meridians at a constant angle because, on the map, AB crosses the 
meridians at a constant angle. Such a curve AB on the earth is 
called a rhumb line; that is, a rhumb line is a path with a constant 
direction. A rhumb line (in general) is not an arc of a great circle 
on the earth, because a great circle crosses meridians at a constant 
angle only when it is perpendicular to them. Therefore, the rhumb 
line path AR is not the shortest path from A to B. However, for 
short distances, the rhumb line path is not much greater than the 
great circle path from A to B. Navigators make Mercator charts 
for small sections of the globe. They compute the distances between 
parallels of latitude with the aid of a table of so-called meridional 
parts. On such a chart, the straight line between two points will 
represent the rhumb line path between the corresponding points on 
the world. 



Fig. (a). Mercator projection of the world 
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215, Gnomonic charts are used at sea to lay out the track between 
distant points. This track must be a great circle to be the shortest. 
For convenience the navigator wants a chart on which this track ap- 
pears as a straight line. 

For a part of the earth, such a chart is made by projecting that 
part from the center of the earth on a plane, T, tangent to the 
earth at a point near 
the center of the part 
being mapped; as P. 

Radii to the equator 
lie in the plane of the 
equator. This plane in- 
tersects T in line W'E\ 

Similarly the merid- 
ian through P, the point 
of tangency of P, is pro- 
jected into N'O'j per- 
pendicular to W'E\ 

North of the equator, 
the meridians are pro- 
jected into straight lines converging at a point on N'0\ The dis- 
tance between them on the equator increases east and west of iV'O'. 

The parallels of latitude are projected into the curved lines shown 
above the equator. 

Every great circle of the earth will appear as a straight line on the 
chart of its vicinity, because the plane of such a great circle must 
intersect P in a straight line. 

Thus: The great circle through JL' (20° W, 0°) and B' (20° E, 30° N) 
must be the straight line A' B' on the chart. 

Conversely j every straight line on this chart corresponds to a great 
circle on the earth. 

Thus: C'D' must represent the great circle between C' (15° TF, 20° N) 
and D' (15° P, 5° N). 

Great oCD will continually change its direction (§ 262). 

Having laid out the track between (7' and D', the navigator will 
lay out on Mercator charts the sections C'P', P'P', etc. These 

sections, for short distances, will indicate the rhumb line tracks (§ 214) 
to be followed from point to point. The total track approximates 
the great circle track. 
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216. Lambert charts are designed to avoid distortion of shape as 
much as possible. Such charts are desirable for air navigation be- 
cause pilots use landmarks from time to time. 

Let AB be a chord of ONWSE, If the 
figure be revolved around PNS as axis, NWS 
generates the sphere 0, A and B the small 
circles A A' and BB\ W the equator, and 
PAB the conical surface of which P is the 
vertex and BB' a circular section. 

If the sphere is projected on this conical 
surface hy drawing radii from center O, the 
shapes on the sphere will not be changed 
greatly on the cone, if A A' and BB' are se- 
lected with care. Actually, the details of representing a part of the 
earth on such a conical surface are accomplished by use of mathe- 
matical formulas and not by a simple geometric projection. 

The United States Coast and Geodetic Survey has selected for A A' 
the parallel 45° N, and for BB' 33° N. When the cone is cut along 
PAB and flattened, the map of the United States looks as follows. 



Courtesy of the Civil Aeronautics Administration, Department of Commerce 


Since the shapes on the map conform closely to actual shapes on 
the earth, this map is called a conformal representation of the earth. 

For small parts of the surface of the earth distances and directions 
are nearly true. Therefore, the straight line between two points 
nearly equals the great circle path and indicates the distance and 
direction from one of the points to the other. 
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1 . Is it possible to have a spherical triangle the sum of whose angles is: 

(a) 180°? (b) 360°? (c) 600°? 

2. A spherical triangle is equiangular. 

(а) What is the upper limit of the size of each angle? 

(б) What is the lower limit? 

3. How large must the angle of a lune be in order that the lune shall 
equal one of the tri-rectangular triangles of the sphere? 

4 . Can a spherical quadrilateral have four of its angles right angles? 

5. Do the equator, the meridians 30° W and 35° W, and the parallel 
of latitude 10° W form a spherical quadrilateral? 

6. What part of the surface of a sphere is covered by the spherical 
triangle the sum of whose angles equals 420°? 

7. What is the area of the sphere whose diameter is 20 in.? 

8. What is the area of that part of the surface of the earth lying be- 
tween the equator and the 60th and 70th meridians, West? 

9 . If the radius of a sphere is 15 in., find the area in square inches of the 
triangle whose angles measure: 

(a) 45°, 75°, and 100°. (b) 100°, 120°, and 80°. 

(c) 35°, 145°, and 55°. (d) 60°, 60°, and 100°. 

10. What part of the surface of the sphere is covered by each of the 
triangles in Example 9? 

11. What facts about the corresponding trihedral angle can you infer 
if a spherical triangle has : 

(a) Three equal sides? (6) Two equal sides? 

(c) Three equal angles? (d) Two equal angles? 

12. A spherical triangle has two right angles. What can you infer about 
the corresponding trihedral angle? 

13 . Compare the area of a tri-rectangular triangle on the sphere of 
radius 15 in. with the area of the plane triangle whose sides are the chords 
of the sides of the spherical triangle, 

14 . A spherical angle intercepts an arc of 50° on the great circle whose 
pole is the vertex of the angle. 

(а) How many degrees are there in the angle? 

(б) How many degrees are there in the corresponding dihedral angle? 

16. Two spheres have radii of 6 in. and 8 in. respectively. 

(a) What is the ratio of the areas of their surfaces? 

(b) What is the ratio of their volumes? 

16. The angles of a triangle measure 75°, 80°, and 120°. What is the angle 
of a lune that equals this triangle? 

17 . What is the area of the zone between the equator and parallel of 
latitude 30° W on the earth? 
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217. (a) The area of a solid is the area of its surface. 

(b) The volume of a solid is the volume of the space inclosed by 
the surface. 

218. (a) A polyhedron is a closed surface consisting of parts of 
four or more planes; as the prisms and pyramids. The faces are 
the bounding plane surfaces; the edges are the intersections of the 
faces; the veirtices are the intersections of the edges. 

(b) A prism is a polyhedron that has two parallel faces, called the 
bases, with its remaining faces intersecting in parallel lateral edges. 

The most useful prisms are those in which the lateral 
edges are perpendicular to the bases. 

(c) A right prism is a prism whose lateral edges are 
perpendicular to the bases. 

(d) The altitude of a prism is the perpendicular between 
its bases. 

219. It can be proved that: 

(a) The lateral edges of a prism are equal. 

(b) The bases of a prism and any section parallel to them are congru- 
ent polygons. 

(c) The lateral faces of a right prism are inclosed by rectangles. 

(d) The lateral edges of a right prism equal the altitude. 

1. Prove that any two non-adjacent lateral edges of a prism determine 
a plane that is parallel to all the other lateral edges of the prism. 

2. Prove that corresponding diagonals in the two bases of a prism are 
parallel and equal. 

3. Prove that the section of a prism made by a plane that is parallel to 
any lateral edge is a parallelogram; and is a rectangle when the given 
prism is a right prism. 
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220. The lateral area of a right prism equals the perimeter of its 
base multiplied by the length of its altitude. 

Let p = the perimeter of the base, and e — the length of a lateral 
edge, or of the altitude; let S — the lateral area, of right j / 
prism AI. 

Area ABGF ~ GB X AR, or e X AB. Similarly 
BCHG == e X BC; CDIH ^ e X CD] etc. 

Adding, and factoring out the edge e, 

S - e{AB + BC + CD + • • • etc.) or , . 

S=ep. 

1. Find the lateral area, Sj of the right prism if: ^ 

(a) e = 9.25 ft.; p = 3 ft. (6) e — 8.5 cm.; p = 40 cm. 

(c) 6 - 15' 3"; p = 2' 6". (d) e = 3.5 yd.; p = = 6 ft. 

2. What is the total surface area of the faces of 20 hexagonal concrete 
columns that are 10 ft. high, if the bases are inclosed by regular hexagons 
with 6 in. edges? 

3. Using the formula S = ep, find: 

(a) S when e = 10.5 cm. and p = 8.5 cm. 

(b) p when >S = 145.85 sq. in. and e — 16.3 in. 

(c) e when p = 6.5 ft. and S = 75 sq. ft. 

221. (a) A parallelepiped is a prism whose bases arc inclosed by 
parallelograms. 

(6) A rectangular parallelepiped is a right 
prism whose bases are inclosed by rectangles; 
as AG at the right. 

(c) A cube is a rectangular parallelepiped 
whose base is inclosed by a square and whose 
edges equal its base edges. 

222. It can be proved : In a rectangular parallelepiped: 

(а) Any two diagonals are equal. (Prove AG = ECj etc.) 

(б) Any two diagonals bisect each other. 

(c) The diagonals are concurrent. The point of concurrency is 
called the center of the parallelepiped. 

(d) Any line through the center of a parallelepiped^ and terminating 
in its faces, is bisected by the center. 

4. What is the length of the diagonal of a cube whose edge is 10 in. in 
length? 

6. What figure is determined by two diagonally opposite edges of a cube? 
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223. (a) The volume of any solid is the number of units of space 
measure in the solid. 

Thus: If the dimensions of a rectangular parallele- 
piped are 5, 3, and 4, the volume = 5X3X4 space 
or cubic units. 

This fact suggests the following. 

(6) The volume of any rectangular parallelepiped 
or rectangular solid is the product of its three dimensions, when the 
edges are measured by the same unit of length. 

If the dimensions are I, w, and h, then V ~ Iwh. 

If the area of the base is B, then V = hB, 

(c) Comparing rectangular solids. Using the language of varia- 
tion, the volume of a rectangular solid varies jointly as its altitude and 
base; so: 

If its base is constant, the volume varies as its altitude; 

If its altitude is constant, the volume varies as its base. 

1 . Find the weight of a steel plate that is 10' long, 10" wide, and IJ" 
thick, if the steel weighs .28 lb. per cubic inch. 

2 . How many packages 4" X 6" X 15" can be placed in a crate that has 
the dimensions 30", 24", and 30"? 

3 . How many cubic yards of concrete are needed for a platform for a gun 
if the platform must be 15' square and 4' deep? 

4 . Find the volume of a bar of steel 4 ft. long, 3 inches wide, and | in. 
thick. 

6. Find the weight of a steel plate 8 ft. long, 4 ft. wide, and f in. thick,, 
if the steel weighs .28 lb. per cu. in. 

6. (a) A piece of steel is 10 ft. long and 1.5 ft. square. What is its weight? 

(6) How wide a steel plate can be made from the piece of steel in part (a) 

if the length is still to be 10 ft. and the thickness is to be f in.? 

7 . An irregular piece of steel is to be made from a certain pattern. 
The weight of the pattern is 48 pounds. What will the piece weigh, made 
of steel, if the wood used in the pattern weighs 28 lb. per cu. ft. and the 
steel weighs 490 lb. per cu. ft.? 

8. What is the length of a diagonal of the rectangular parallelepiped 
whose edges measure 5", 6", and 4", respectively? 

9 . If the three dimensions of a rectangular solid are doubled, what 
effect does that have: 

(а) On its total surface area? 

(б) On its volume? 
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224. The volume of an%i prism equals the product of the area of its 
base and the length of its altitude; or 

F= hB. 


(а) Intuitional verification of this rule is suggested by the adjoin- 
ing figure. The prism is pictured as consisting of a pile of 
sheets of paper, each congruent to the base. This sug- 
gests that the volume equals the area of the base mul- 
tiplied by the height. 

(б) An interesting mathematical derivation of the for- 
mula is based on a theorem that we shall assume and 
shall use several times in this chapter. 

Cavalieri’s Theorem. If two solids lie between parallel planes, and 
if the sections of each made by every plane parallel to the parallel planes 
have the same area, then the two solids must have equal volumes. 





Thus: Assume that solids >S and T lie between parallel planes M and N; 
also that any plane 0, parallel to M and N, makes sections s and t of 
equal area; then the theorem states that S = T. 


(c) If S and T are both prisms, then their bases must be equal 
in area, and their altitudes must also be equal. 

Also, the sections s and t must be congruent to the bases by 
§ 219(6). Therefore s does equal t. 

If >S is a rectangular solid, then V — hB. 

Therefore the volume of any prism is V ~ hB, 


1. Find the volume of the right prism with altitude 18 in. if the base is 
inclosed by: 

(а) A square having 4-in. sides. 

(б) An equilateral triangle having 3-in. sides, 

(c) A regular hexagon having 4-in. sides. 
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1 . How many cubic yards of concrete are needed 
for a wall having the shape and dimensions in the 
adjoining figure? 

Suggestion. Consider ABODE the base. Find 
the area by dividing it into a rectangle, ABIE, 
and a trapezoid, El CD. 



2. Find the volume of soil to be 
excavated to make a cellar on a hill- 
side, having the shape and dimensions 
shown in the figure. Use the method 
suggested for Example 1. 



3. The cross section of a trench has the shape and di- 
mensions of the adjoining figure. How many cubic yards 
of earth must be moved to make such a trench, 100 yards 
in length? 



4 . An oil storage tank in a vessel 
has a cross section with the shape 
and dimensions shown in this figure. 
If the tank is 15 ft. in length, how 
many gallons will the tank hold. 



since one cubic foot holds 7.5 gallons? 


6. (a) What is the volume of a bar 
whose length is 4 ft. if the cross sectic n is 
a trapezoid of which the upper and k wer 
bases are 15" and 18" respectively, and the 
altitude is 8"? 

(6) What is the weight of such a bar 
if it consists of : 



(1) Aluminum that weighs 165 lb. per cu. ft.? 


(2) Copper that weighs 556 lb. per cu. ft.? 


6, A steel plate has the shape and di- 
mensions shown at the right. 

(a) Find its volume. 

(b) Find its weight if it is made of 
brass weighing 309 lb. per cu. ft. 
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225. (a) A pyramid is a polyhedron (§218) that has three or more 
lateral faces, triangular in shape, that meet at a o 

point, called the vertex, and, opposite this vertex, 
a base that intersects all the lateral faces. / | \\ 

The edges are the intersections of the ZaicraZ /accs. // I \\ 

The altitude is the perpendicular from the vertex to / / \ \ 

the base. The lateral area is the total area of the ^\1 ^ 
lateral faces. ^ Y 


(Jb) A regular pyramid has a base bounded by a regular polygon, 
and its vertex lying in the perpendicular to the base at its center. 


Thus: 0-ABCDEF is a regular pyramid. 

226. In a regdlar pyramid: 

(a) The lateral edges are equal. 

(b) The lateral edges make equal angles with the 
altitude and with the base. 

(c) The lateral faces are inclosed by congruent 
isosceles triangles. 

{d) The slant height is the altitude of any of the 
lateral faces: 

(e) If a plane intersects all the lateral edges and 
is parallel to the base: 

(1) It divides the lateral edges and altitude propor- 
tionally. 

(2) The intersection is similar to the base and its 



area is to the area of the base as the square of its distance from the vertex 


is to the square of the altitude. 


227. A frustum of a pyramid is bounded by a plane, parallel to 
the base of the pyramid, and that part of the 
pyramid between the plane and the base; as 
frustum A'D. 

A'D' is the upper base; AD, the lower. The ^ 
perpendicular between the bases is the altitude. 

The slant height of a frustum of a regular pyramid is the perpen- 
dicular between the edges of the bases on any face; as HH' in the 
figure of § 228. 



1. If a plane, parallel to the base of a pyramid, bisects the lateral edges, 
the perimeter gi the section is one half the perimeter of the base. 
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228. The following facts can be proved: 

(a) The upper base of any frustum is similar to the lower. 

(b) The lateral faces of any frustum are 
inclosed by trapezoids. 

(c) ‘ The lateral faces of a frustum of a 
regular pyramid are inclosed by congruent 
isosceles trapezoids. Therefore the lateral 
edges are equal, and make equal angles with 
the lower and upper base edges. 

229. The lateral area of a regular pyramid equals one half the perim-- 
eter of its base times its slant height. 

Thus: If 0-ABCDE is a regular pyramid having 
slant height s, and p as the perimeter of its base, its 
lateral area, S, is given by the formula S = ^sp. 

Proof. Area AOAR = X AB. Since the faces 
are congruent, 

S - 5(is X AB) or is(5AB). 

But p = 5AB. S = Jsp. 

230. The lateral area of a frustum of a regular pyramid equals one 
half its slant height times the sum of the perimeters of its bases. 

Thus: If p' is the perimeter of the upper base and p of the lower base, 
and s the slant height of the frustum A'D of a regular pyramid, then 
S = isip + p'). 

Proof. In the figure for § 228, the area of trapezoid A' ABB' is 
Js(A'jB'-TAB). Since the faces are congruent, then S = 5(Js) (A'B'+AB). 

S = + bAB). S = is{p' + p). 

1. Some concrete pier blocks have the form of a 
frustum of a square pyramid, with dimensions as shown 
in the adjoining figure. 

What is the lateral area of each block? 

2. In Example 1, following § 227, what is the ratio of 
the area of the section to the area of the base? 

3. The altitude of a pyramid is 24 in. Its base is inclosed by a polygon 

whose area is 40 sq. in. What is the area of the section of this pyramid 
made by a plane parallel to the base if the distance of it from the vertex 
is: (a) 6 in.? (6) 8 in.? (c) 15 in,? 
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231. Pyramids having equal bases and altitudes are equal. 



Proof. Let pyramids P and R stand on plane M, and have their vertices 
in parallel plane K, so that they have equal altitudes. Let them have 
equal bases B. Let N be any plane, parallel to planes M and K, inter- 
secting P in C and in D. 

B; and B. § 226 (e, 2). 

C :B ^ also D : B ^ : hK § 226(e,2). 

C :B ^ D :B, and then C = D. Why? 

P = R. §224(?;). 

232. The volume of a triangular pyramid equals one third the product 
of its altitude and base. 



Proof. Let h be the altitude from 0 to base ABC of pyramid 0-ABC. 
Consider prism EOD-ABC, with lateral edges parallel to OB, and l>asc 
EOD parallel to ABC. Pass plane EOC through it. This plane and OAC 
separate the prism into the three triangular pyramids shown in the figure. 

In 0-ABC and C-EOD: 

The bases are equal, since A ARC == AEOD. 


The altitudes are equal, being the perpendicular between parallel planes 
ABC and EOD. 


0~ABC = C-EOD. 


§ 231 . 


0-ABC and 0-AEC may be viewed as C-OAB and C-EOA. 
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C-OAB and C-OEA have the same altitude; namely, the perpendicular 

from C to plane ABOE. 

They have equal bases because AABO = AAEO. 

(These triangles are equal, because they have equal bases AB and EO, 
and the same altitude, the distance between parallels AB and EO.) 

C-OAB = C-EOA. Why? 

/. C-OAB = C-EOA = C-EOD. 

C-OAB, or 0-ABC = | prism EOD-ABC, 

But the volume of the prism equals hB. § 224. 

0—ABC = ^JiB. Why? 

233 . The volume of any pyramid equals one third its altitude times 
its base. 

Proof. Pyramid 0-ABCDE can be divided by planes AOC, AOD into 
pyramids 0~ABC, 0-ACD, and 0-ADE. 

If h is the altitude of the pyramids and bi, 62, 
and 63 are the bases of 0-ABC, 0-ACD, and 0-ADE: 

then 0-ABC - P&i; 0-ACD = ^hb^; 
and 0-ADE — ^hb^. 

P = ^h{hi + 62 + bz). 

0-ABCDE = ^hB. 

1 . What is the volume of a square pyramid whose base edges measure 
6 inches, and whose altitude is 20 inches? 

2 . Find the volume of the regular hexagonal pyramid whose base 
edges measure 8 in. and whose altitude is 24 in. 

3. The center of a cube is joined to each vertex. Compare the volume 
of the pyramid that has as base one face of the cube and vertex at the 
center, with the volume of the cube. 

4 . A regular square pyramid has 12-in. lateral edges, with its base in- 
scribed in a circle with 3-in. radius. Find the lateral area and the volume 
of the pyramid. 

5. In the adjoining figure of a regular hexagonal 
and VO ± base ABCDEF. 

(а) Prove OG ± AB. 

(б) If FA = 16 in. and AB = 6 in., find VG. 

(c) Find the lateral area of the pyramid. 

(d) Find the altitude VO. 

(e) Find the volume of the pyramid. 

(/) Find the lateral area of the frustum made by 

the plana, parallel to the base, bisecting VO. 


pyramid, VG ± AB 
V 



O 
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234. The formula _^r the volume of a frustum of a pyramid is 
V = ^h(B 4- & + -s/Bb) where B is the lower base, 6 the upper bavse, 
and h is the altitude. 

The development of this formula is rather involved, and is no 
longer considered part of the requirements in solid geometry. We 
shall accept it without proof. 

236. A prismatoid is an interesting solid that includes as special 
cases most of the solids studied so far. 

It has two parallel bases, such as ABC and 
DEFGj and lateral faces that are bounded by 
triangles, trapezoids, or parallelograms. 

The formula for the volume is 

V = ih(B + 6+ 4771) 

where B = lower base, b = upper base, m 
— a mid-section, parallel to the bases, and 
h = the altitude. 

Note. The proof of this formula is not difficult, but it is long. Pianos 
are passed through 0, any point on the mid-section, to divide the prisma- 
toid into triangular pyramids, as in § 232. 

1 . From the formula for the prismatoid, derive that for the volume of: 

(a) A prism. (6) A pyramid. (c) A frustum. 

Hint. In (a) 6 - R = m. 

2. Find the volume of a frustum of a square pyramid whose base edges 
measure 8" and 4" respectively, and whose altitude is 10". 

3 . Find, correct to tenths, the volume of the frustum of a regular 
hexagonal pyramid whose lower base edges measure 10" and whose alti- 
tude is 24", if the upper base of the frustum is made by a plane 12" from 
the vertex of the pyramid. 

4 . A monument is in the form of a frustum of a regular square pyramid 
10 ft. high, the sides of whose bases measure 3 ft. and 2 ft. respectively, 
surmounted by a regular square pyramid each side of whose base is 2 ft. 
and whose altitude also is 2 ft. 

What is the total weight of this monument if it is made of a stone that 
weighs 180 lb. per cubic foot? 

6. If a plane is passed parallel to the base of a pyramid, bisecting the 
altitude : 

(a) Express the area of the section, in terms of the base. 

(b) Express the volume of the frustum below this plane in terms of the 
area of the lower base and the altitude. 
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1. What is the lateral area of the regular pyramid whose base is inclosed 
by a pentagon having 5-in. sides, and whose slant height is 15 in.? 

2. The altitude of a regular hexagonal pyramid is 20 in.; the sides of 
the base measure 4 in. 

(a) Find the slant height of this pyramid. 

(6) Find its lateral area. 

(c) Find its volume, correct to the nearest tenth of a cubic inch. 

3. (a) In Example 1, what is the slant height of the frustum made by 
the plane that bisects the altitude? 

(b) What is the perimeter of the upper base of this frustum? 

(c) What is the lateral area of the frustum? 

4. (a) Do the parts of Example 3, starting from the pyramid described 
in Example 2. 

(6) Also find the volume of the frustum you get in this example. 

6. A tinsmith is asked for the price to make a duct for a warm-air 
heating plant. The shape and 
dimensions of the duct are T7,p\ 
shown in the adjoining figure. 

Determine the number of 
square feet of sheet metal re- 
quired, with the understanding that this duct is open at both ends. 

6. The adjoining figure represents a coal chute, 
to carry coal from a window in a basement to the 
hopper of a coal stoker. ABCD and XYZW are 
parallel rectangles 4 ft. apart. BY and AX are 
perpendicular to planes ABCD and XYZW. What 
is the cubical capacity of this coal chute? 

Suggestion. Draw the mid-section, parallel to 
ABCD, and find its area. Then use § 235. 

7. If L represents a light and ABCD a cardboard square between L 
and a wall parallel to ABCD, you see that the 
geometrical relations of the light, the cardboard 
and the shadow on the wall are indicated by the 
adjoining figure. 

Suppose that ABCD is a 1-ft. square. Find 
the area of A'B'C'D': 

(a) When ABCD is halfway between L and 
A'B'C'D'. 

(h) When ABCD is one third the way to the 
wall. 

(c) When ABCD is one fourth the way to the wall. 


D' 



w 






•O' 

A 

20" '' 


128 " 


48 " 
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236. (a) A closed cylindrical surface is generated when a straight 
line XZj the generatrix, moves parallel to an orig- 
inal position, with one of its points, F, follow- 
ing a closed curved line, the directrix, AYWB. 

Each position of the generatrix is an element 
of the surface. 

It can be proved that parallel sections of a 
cylindrical surface are congruent 

(6) A cylinder is formed when two parallel planes cut all the ele- 
ments of a cylindrical surface. It consists of the 
parallel sections, the bases of the cylinder, and that 
part of the cylindrical surface between the bases. 

(c) A right circular cylinder is formed when the 
bases are perpendicular to the elements and arc in- 
closed by circles. The axis of the right circular 
cylinder is the line joining the centers of the bases, 
the altitude of the right circular cylinder. 



This axis is also 


237. A prism is inscribed in a cylinder if its bases are inscribed 
in the bases of the cylinder, and its lateral edges are 
elements of the cylinder. 

If we inscribe a square prism in a right circular 
cylinder, and then form a sequence of right prisms 
by successively doubling the number of faces, always 
keeping the boundary of the base a regular polygon, 
we ultimately get inscribed prisms that differ very 
little from the cylinder. This suggests the following postulate; 

Postulate. Any theorem about prisms that does not depend on some 
specific number of faces of the prism is equally true for a cylinder. 



238. The following theorems arc consequences of § 237. 

(a) Parallel sections of a circular cylinder are congruent; if parallel 
to the base, they are circles. 

(h) The lateral area of a right circular cylinder is the circumference 
of the base multiplied by the length of the altitude. The formula is 

S = 27rr/z. 

(c) The volume of a right circular cylinder is the area of the base 
multiplied by the length of the altitude. The formula is 

V =r- Trr^h. 
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1. Prove. The total area of a right circular cylinder having radius r 
and altitude A is T = 27rr(r + h). 

2. A right circular cylinder is circumscribed about 
a sphere, as shown in the adjoining figure. 

(а) How does the radius of the cylinder com- 
pare with that of the sphere? The altitude with 
the diameter of the sphere? 

(б) Compare the area of the sphere and the 
lateral area of the cylinder if the radius of the 
sphere is r. 

3. A cylindrical tank car is 6 ft. in diameter and 25 ft. in length. How 
many gallons of fuel oil will it hold if one cubic foot holds 7.5 gallons? 

4 . How much brass is there in four feet of cylindrical brass tubing of 
which the outside diameter is li in. if the thickness of the metal is .06 in.? 

6. The distance a piston moves from its lowest position in a cylinder 
to its highest is called its stroke. What is the amount of air or gas dis- 
placed by one stroke of the piston when the diameter of the piston is 3§ in. 
and the stroke is 6 in.? 

6. What is the lateral area and the volume of a right circular cylinder 
whose altitude is 15 in. and whose base has a 4-in. radius? 

7 . How many square feet of galvanized iron are needed to make 
12 sections of hot-air furnace pipe if each section is 12 in. in diameter 
and 8 ft. long? 

8. Flow many cubic feet of concrete are needed for a cylindrical well 
that is 6 ft. in inside diameter, 6 in. thick, and 12 ft. deep, inside measure. 
Include the base, of course. 

9 . What should the radius of a barrel be to hold 50 gallons, if the 
height of the barrel is 50 in.? Make use of the fact that one cubic foot 
will hold 7-5 gallons. 

10. How many square feet of radiating surface, correct to hundredths, 
are there on a cylindrical heating pipe that is 2 in. in diameter and 18 ft. 
long? 

11. How many square feet of steel are needed to make a cylindrical 
tank 10 ft. in diameter and 30 ft. high, allowing 5% extra for making laps? 

12. (a) What is the net volume of a steel plate, thick, having the 
shape of a trapezoid with upper base 15", lower base 24", and altitude 42", 
if a circular hole 5" in diameter is cut from the center of this plate? 

(6) What will the net weight be if the plate is made of steel weighing 
490 lb. per cubic foot? 
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239. (a) A closed conical surface is generated when a straight 
line yZ, . the generatrix, moves so that V remains at 
a fixed point and a point X of VZ follows a closed 
curve in a plane on which V does not lie. This curve 
is the directrix, RTW. 

Each position of VZ is an element of the surface; 

V is the vertex or apex. 

(5) A cone is formed when a plane cuts all the ele- 
ments of a conical surface, on one side of the vertex; 
as cone V~ABC. A cone incloses a part of space, 
its interior. The altitude of a cone is the perpendicular 
from the vertex to the base; as VO, 

(c) A right circular cone is formed when the 
base is inclosed by a circle, and the vertex lies in 
the perpendicular to the base at its center. This 
perpendicular is the axis and also the altitude; as 
VRO, 

The slant height of a right circular cone is the 
line from the vertex to any point of the circle that 
bounds the base; as VYX, 

(d) A frustum of a cone is formed when a plane, parallel to the 
base, cuts all the elements between the vertex and the base; as 
frustum CB in the figure opposite part (c). 

Its bases are bounded by circles CYD and AXB; its altitude is 
RO, the perpendicular between its bases; the slant height of a frus- 
tum of a right circular cone is the part of any element of the coric be- 
tween the bases; as XF. 



240. If a square is inscribed in the base of a (di'cular cone, and 
elements are drawn to the vertex, these elements are 
also the lateral edges of a square pyramid inscribed 
in the cone. The base of the pyramid is inscribed 
in the base of the cone; the altitude of the pyra- 
mid is the same as that of the cone; if it is a right 
circular cone, the pyramid is a I’egular pyramid. 

Similar statements may be made about the frustum 
of the pyramid inscribed in the frustum of the cone. 

If we form a sequence of such pyramids by successively doubling 
the number of faces, keeping the base a regular polygon, we ulti- 
mately get inscribed pyramids that differ very little from the cone. 
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(a) Postulate. Any theorem about pyramids that is independent of 
the number of faces of the pyramid is true also for a cone. In particular: 

(5) A section of a cone made by a plane parallel to the base is similar 
to the base and its area is to the area of the base as the square of its dis^ 
tance from the vertex is to the square of the altitude. 

(c) The lateral areas of a right circular cone and of a frustum of such 
a conCy respectively^ are given by the formulas 

S = tRL and iS = 7rL{R + r), 

where L is the slant height, R is the radius of the lower base and r 
is that of the upper base of the frustum. 

(d) The volumes of a circular cone and of a frustum of such a cone, 
respectively, are given by the formulas 

V = ^irRm and V = ^ 7 r/i(r 2 + + rR), 


1. What is the volume of the right circular cone whose altitude is 15 in. 
and whose radius is 4 in.? 


2. Find the volume of the frustum of the right circular cone whose 
altitude is 15 in. and the radii of whose bases are 8 in. and 10 in. respec- 
tively. 


3. Find the amount of steel in the bearing repre- 
sented in the figure at the right. Observe that it has 
the form of a frustum of a right circular cone, with a 
cylindrical core running through its center. The neces- 
sary dimensions are given. Find the result correct to the 
nearest tenth of a cubic inch. 


K— 2"— H 



4. How many square yards of canvas are required 
for a tent consisting of a right circular cylinder, of altitude 10 ft. and 
diameter 80 ft., surmounted by a right circular cone that reaches 10 ft. 
above the side wall? 


6. (a) Find the slant height of a right circular cone whose elements 
make 30® angles with the axis of the cone, when the radius of the base 
is 5 in. 

(6) Find the lateral area of this cone. 

(c) Find the volume of this cone. 

6 . The altitude of a right circular cone is 25 in. and the diameter of 
its base is 10 in. 

(а) What is the volume of the cone? 

(б) What is the volume of the frustum formed when a plane is passed 
through the cone, parallel to the base and 15 in. from the vertex? 
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241. An interesting development of the formula for the volume 
of a sphere is that based on Cayalieri’s Theorem. 



Proof. Let sphere 0 and right circular cylinder AC stand on plane MN', 
let the radius of AC and of the sphere be r, and the altitude of AC be 2r. 
From O', the center of the rectangle ABCB, let O' A generate the circular 
cone O'-AD and O'B generate the circular cone O'-BC. 

Through any point X of HK pass a plane parallel to MN, cutting the 
sphere in circle Z'Z, the cylinder in circle W'W, and the upper cone in 
circle Y'Y, 

Area of OZ'Z = Tr{XZ)\ or - (OX)^]. 

Area of oW'W = 

Area of qY'Y = 7^(X'y')^ or ir(0'X')‘^ or t(OX)K 
area of (oW'W - Q Y'Y) = 7r[r2 - (OX)^]. 
area of (oW'W - O Y'Y) = area of 

vol. of sphere = voL of (cylinder ~ cones). § 224 (5). 
vol. of sphere = 2 r( 7 rr^) — 2(§)(7rr^)(r) 

= 2'7rr^ — 

V = |7rr3. 

1 . What is the volume of the sphere having 10" radius? 

2. What is the weight of a spherical ball ^-in. thick if its outside diameter 
is 8 in. and if one cubic inch of the steel weighs .28 lb.? 

3. A storage tank for gasoline is spherical in form, having diameter 
20 ft. in length. How many gallons of gasoline does the tank hold if one 
cubic foot holds 7.5 gal.? 

4. A cylindrical vessel 10 in. in diameter was filled to the top with water. 
Then a spherical ball was immersed in it. Naturally some of the water 
ran out of the vessel. After the ball was removed, it was found that the 
surface of the water had dropped 2.5 in. below the top of the vessel. 
What was the diameter of the ball? 
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1 . A pyramid, with altitude 12 in. and base area of 30 sq. in., is cut 
by a plane parallel to the base that bisects the altitude. 

(а) What is the area of the section parallel to the base? 

Suggestion. Use § 226(e). 

(б) What is the volume of the original pyramid? 

(c) What is the volume of the part above the plane? 

(d) What is the volume of the part below the plane? 

2. A right prism with an irregular base has lateral edges that are 15 in. 
in length- The edges of the base measure 5, 6, 8, and 4 inches respectively. 
What is the lateral area of this prism? 

3. The altitude of a right circular cone is 12 in,, and the radius of its 
base is 4 in. Find its volume and lateral area. 

4. A right circular cone with radius 6" and altitude 15" is cut by a 
plane parallel to its base, that bisects its altitude. Find the lateral area 
and volume of the part of the original cone above the intersecting plane. 

6. A bombshell has, approximately, the shape and dimensions shown 
in the adjoining figure. Find: 

(a) The total area of its exterior 
surface, correct to tenths. 

(5) Its approximate volume also 
correct to tenths. 

6. A sphere has radius of 10 in. It is cut by a plane 3 in. from its 
center. What is the radius of the small circle that is the intersection? 
(Correct to tenths.) 

7. What is the area of the zone of one base that lies between the small 
circle obtained in Example 6 and the pole of it that is nearest to it? 

8. A circle is inscribed in a square ABCD, tangent to its sides at X, F, 
F, and IF, respectively. The diagonals of the square intersect at 0, and 
diameter XZ passes through 0. 

(a) If the whole figure is revolved around XZ as axis, what solid is 
generated by: 

(1) Circle XFW? (2) ARCD? (3) AC? 

(6) Find the volume of each of the solids generated in part (a) if the 
side of the original square is 25. 

(c) Compare the volume generated by XYZW with the difference in 
volumes of the solids generated by ABCD and AC, respectively. 

9. In Example 8 find the relation between the lateral areas of the solids 
generated by XYZW and ABCD. 

10 . A sphere has radius of 12 in. It is cut by two parallel planes, one 
3 in. from the center and the other 6 in. from the center. Find the area 
of the zone bounded by the resulting small circles. 
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A PARTIAL SYLLABUS OF PLANE GEOMETRY 

1. A segment (of a line) is the part of a straight line consisting of two 
points of the line and the part of the line between them. 

2. A ray is that part of a straight line consisting of a point of it and 
all the line on one side of that point. 

3. An angle consists of two rays that have a common end point. 

4. A simple closed line is a line such that a point c.an move from any 
initial position around the line back to its initial position without passing 
through any intervening point more than once. 

6. A circle is a simple closed curve whose points arc all equidistant 
from a point called the center. 

6. (a) Two angles are complementary when their sum is 90°. 

(6) Two angles are supplementary when their sum is 180°. 

7. Vertical angles are equal. 

8. If two adjacent angles have their exterior sides in a straight line, 
they are supplementary; and conversely. 

9. The total angular magnitude around a point is 360°. 

10 . Triangles are congruent when they can be made to coincide. 

11. Two triangles are congruent: 

(a) If two sides and the included angle of one are equal to two sides and 
the included angle of the other. 

(b) If two angles and the included side of one, etc. 

(c) If the three sides of one, etc. 

(d) If two angles and any side of one, etc. 

(e) If they are right triangles and have the hypotenuse and a leg of 
one, etc. 

12. Two points equidistant from the ends of a segment determine the 
perpendicular-bisector of the segment. 

13 . One and only one perpendicular can be drawn to a line: 

(а) At a point of the line. 

(б) Prom a point not on the line. 

212 
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14. Two straight lines are parallel when they lie in the same plane and 
do not meet however far extended. 

16. There is only one parallel to a line through a point not on the line. 

16. If two lines are perpendicular to the same line, they are parallel. 

17. If a line is perpendicular to one of two parallels, it is perpendicular 
to the other one also. 

18. The sum of the angles of a triangle equals 180®. 

19. The sum of the angles of a polygon having n sides is (n-2)180®. 

20. Only one angle of a triangle can be a right angle. 

21. Any point in the perpendicular-bisector of a segment is equidistant 
from the ends of the segment; and conversely. 

22. Any point on the bisector of an angle is equidistant from the sides 
of the angle; and conversely. 

23. A parallelogram is a quadrilateral whose opposite sides are parallel; 
its opposite sides can be proved equal. 

24. A quadrilateral is a parallelogram: 

(a) If two sides are equal and parallel. 

(&) If the opposite sides are equal. 

26. If two sides of a triangle are equal, the opposite angles are equal; 
and conversely. 

26. A trapezoid is a quadrilateral that has just two parallel sides. 

27. If three or more parallels cut off equal segments on one transversal, 
they do likewise on every transversal. 

28. The axioms of inequality. 

Ax. 9. If equals be added to unequals, the sums are unequal in the 
same order. 

Ax. 10. If equals be subtracted from unequals, the remainders are un- 
equal in the same order. 

Ax. 11. If a > 5, and h > c, then a > c. 

Ax. 12. If unequals be added to unequals of the same order, the sums 
are unequal in the same order. 

Ax. 13. If unequals be subtracted from equals or from unequals of op- 
posite order, the remainders are unequal, and the order is opposite to that 
of the subtrahend. 

29. If two sides of a triangle are unequal, the angles opposite are also 
in the same order; and conversely. 

30. The perpendicular is the shortest segment from a point to a line. 

31. If two triangles have two sides of one equal to two sides of the 
other and the included angle of the first greater than the included angle 
of the second, then the third side of the first is greater than the third side 
of the second; and conversely. 
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32. In the same circle or equal circles: 

(a) If central angles are equal, their arcs and chords are equal; and 
conversely. 

(&) If central angles are unequal, their arcs and chords are also; and 
conversely. 

(c) If chords are equal, they are equidistant from the center of the 
circle; and conversely. 

33. A line from the center of a circle perpendicular to a chord bisects 
the chord and its subtended arcs; and conversely. 

34. If a line is perpendicular to a radius at its outer c.vtremity, it is 
tangent to the circle; and conversely. 

36. A central angle has the same measure as its arc. 

36. An inscribed angle has the same measure as half its arc. 

37. A regular polygon is equilateral and equiangular. 

38. A line parallel to one side of a triangle divides the other two sides 
proportionally; and conversely. 

39. Two polygons are similar if they are mutually equiangular and 
their corresponding sides are proportional; and conversely. 

40. Two triangles are similar: 

(а) If they are mutually equiangular. 

(б) If an angle of one equals an angle of the other and the sides in- 
cluding these angles are proportional. 

(c) If their corresponding sides are proportional. 

41. The square of (or on) the hypotenuse of a right triangle equals 
the sum of the squares of the other two sides. 

42. Polygons are equal when they have the same area. 

43. The perimeters of similar polygons are to each other as any two 
corresponding sides; and the areas as the squares of any two corresponding 
sides. 
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Chapter XV 

RIGHT SPHERICAL TRIANGLES 

242, Introduction. If three points A, 5, and C, on a sphere, are 
joined by arcs of great circles of the sphere, the figure ABC is 
called a spherical triangle whose sides are the arcs AB, BC, and AC 
and whose angles are the angles formed by the arcs. Spherical 
trigonometry is concerned with deriving and applying trigonometric 
formulas involving the sides and angles of a spherical triangle. 

■ We recall that an arc of a great circle is measured by the angle 
subtended by the arc at the center of the sphere. Hence, the length 
of the arc can be found if we know its angular 
measure and the radius of the sphere. There- 
fore, both the sides and angles of any spherical 
triangle will be described in angular units. 

The angle BAG formed by arcs AB and 
AC oi great circles is measured by the angle 
TAM formed by the tangents AT and AM 
to these arcs at ^1. In Figure 1, AT and 
AM are perpendicular to AA\ Thus, the 
angle TAM also measures the dihedral angle 
formed by the planes A'OAB and A'OAG in which the arcs lie. 

We agree to consider only spherical triangles each of whose sides 
and angles is less than 180®. As a standard notation for the spherical 
triangle ABC^ we shall let a, 13 ^ and 7 represent the angles at A, B, 

and Cj respectively, and let a, 5, and c be 
the corresponding opposite sides. The 
letter 0 will always represent the center 
of the sphere. Then, for any triangle 
ABC, we can construct a trihedral 
angle 0-ABCy as in Figure 2 , whose 
dihedral angles have the same measures 
as the angles a, /3, and 7 , and whose 
215 
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face angles AOBj COB, and CO A have the same measures as the sides 
of triangle ABC. 

Illustration 1. In Figure 2, side CB lies in plane OBC and is measured 
by A COB] thus, in the figure we display a as a label for the measure of 
A COB and also of arc CB. Similarly, b == A CO A and c = A BOA. 

Note 1. If a spherical triangle ABC has a side or an angle greater than 
180°, various arcs of the great circles which intersect to form triangle ABC 
also form related triangles each of whose sides and angles is less than 180°. 
It can be verified later that any of the typical problems concerning the 
given triangle may be solved by investigating some one of these related 
triangles. Hence, our agreement to consider only those triangles whose 
sides and angles are all less than 180° is not an essential restriction. 


243. Formulas for right spherical triangles. A right spherical tri- 
angle is one which has at least one angle equal to 90®. In such a 
triangle ABC, we shall always letter the vertices so that y ~ 90®. 
Then, we shall prove the following formulas. 


(I) sin a == sin c sin a. 
(II) tan b = tan c cos a. 

(III) tan a = sin b tan a. 

(IV) cos a = sin /3 cos a. 

(V) cos c == cos a cos b. 


(VI) sin b = sin c sin /?. 

(VII) tan a = tan c cos /3. 
(VIII) tan b = sin a tan 
(IX) cos /? = sin (X cos 6. 
(X) cos c =: cot a cot 13, 


Proof when a < 90® and b < 90®. 1. Through any point D on 
OB, in Figure 3, draw a plane perpendicular to OA, intersecting 
^ planes OAC, OBC, and OAB in EF, 
FD, and DE, respectively. 

2. DE ± OA and EF ± OA because 
OA is perpendicular to plane DEF. 
Hence, Z DEF measures the dihedral 
angle whose edge is OA ; therefore, 
A DEF - a. Also, AOEF and OED 
have right angles at E. 

3. Plane DEF is perpendicular to plane 
OAC because plane DEF is perpendicular 

Hence, DF is perpendicular to plane OAC 
because DF is the intersection of planes OBC and DEF which are 
perpendicular to plane OAC. Hence, DF ± OC and DF ± EF, and 
ADOF and DEF have right angles" at F. 

4. From Figure 3, a — A FOD, b ~ A FOE, and c «= Z EOD. 



to OA which lies in OAC. 
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6. Take OD as a unit for measuring lengths; then OD = 1. 

6 . From right AODF and ODEy since OD - 1, 

sin a = FD; cos a = OF; sin c = ED; cos c = OE. (1) 

7. From A OFF, OE == OF cos h; or, cos c ~ cos a cos 5. 

8 . From AOEF, EF = OF sin h and EF == OE tan 6. Hence, 

FF = cos a sin 6 ; EF — cos c tan &. 


1 % c< * / TTN Tjy Tn u. ^ "*0 Sin CL . tan cl 

9. Since Z.DEF — a, tan ol = — : — r ; or tan a = — r* 

EF cos asm 5^ sin h 

This proves (III). Similarly, the student should prove (I) and (II) by 
use of siii ot and cos a as obtained from A OFF. 

10 - By symmetrical reasoning, where the places of a and ol would 
be interchanged with the places of b and ^8, respectively, we would 
obtain (VI), (VII), and (VIII) in place of (I), (II), and (III). 

11 , From (II), (V), and (VI), we obtain (IV): 


tan h _ sin b cos c _ (sin c sin (3) (cos a cos b) 
tan c ~ cos 6 sin c ~ sin c cos h 


or 


cos a = sin /3 cos a. 


12 . By interchanging a with /S and therefore changing a to 6 in 
(IV) we obtain (IX). If we solve (IV) for cos a and (IX) for cos b 
and use (V) we obtain (X). 


★Note 1. Recall that a right spherical triangle is said to be hirectangular 
or trirectangular according as it has just two or just three angles equal to 
90®. By construction on a sphere, the student can easily verify that a 
triangle is birectangular when and only when it has just two sides equal 
to 90®, and trirectangular when and only when all sides equal 90°. For 
such triangles, some of the preceding formulas become meaningless be- 
cause tan 90° = 00 , while from geometry it can be verified that the 


remaining formulas state evident truths. 

★Note 2. From the preceding proof 
it can be seen that (I) to (X) will be true 
in all cases if (I), (II), (III), and (V) are 
always true. By use of Figure 4, a mod- 
erate modification of the preceding proof 
would establish (I), (II), (III), and (V) 
when (a > 90°, h < 90°). 

Other figures would apply if we had 
(a > 90®, h > 90°) or if (a < 90®, h > 90°). 



Fig. 4 
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244. Napier’s rules. A convenient means for remembering (I) to 
(X) was formulated by Napier, the inventor of logarithms. To 
describe his method, we let the complements of a, /3, and c be de- 
noted by Co-a, Co-j3j and Co-c; that is, Co-a = 90° — a; etc. Then, 
we shall call (a, h, Co-a, Co-c, Co-/3) the five circular parts for the 

triangle ABC, and shall think of 
these parts arranged either around 
a circle or around the triangle 
ABC in the order (a, h, a, c, /?). 
Thus, to each circular part there 
correspond two adjacent parts and 
two opposite pai'ts. Then, if each 
of the following rules is applied 
to each of the circular parts, we obtain formulas (I) to (X). 

Rule 1. The sine of any circular part is equal to the product of the 
tangents of the two adjacent parts. 

Rule 2. The sine of any circular part is equal to the product of the 
cosines of the two opposite parts. 

In applying these rules, recall that, for any angle 6, any function 
of (90° -- 6) equals the co-function of d. 

lU'istration 1. The parts adjacent to Co-/8 are Co-c and a; the parts 
opposite to Co-/3 are Co-a and 6. Hence, from Rules 1 and 2, 

sin (Co-(3) — tan (Co-c) tan a; or, cos 0 = cot c tan a; (1) 

sin (Co-P) — cos (Co-a) cos h; or, cos /8 = sin a cos h. (2) 

We verify that (1) is equivalent to (VII) and (2) is (IX). Rules 1 and 2 
do not prove (I) to (X) but furnish a means for remembering them. 

By Napier's rules, we can write a formula connecting any three 
of the parts (a, h, a, j3, c) without referring to formulas (I) to (X). 

Illustration 2. To write a formula connecting a, and a, we first notice 
that Co-p and a are opposite to Co-a. Hence, by use of Rule 2, 

sin (Co-a) = cos (Co-fi) cos a; or, cos a — sin ^ cos a. 

246. Rules for species. We shall say that two angular magni- 
tudes are of the same or of different species according as they termi- 
nate in the same or in different quadrants. In this statement the 
angles are thought of in their standard positions on a coordinate 
system as in the definition of the trigonometric functions. 

Illustration 1. 130° and 75° are of different species. 


Co-a 
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The following theorems are useful in discussing the species of parts 
of a spherical triangle. 

Theorem I. The sum of two sides of a spherical triangle is greater than 
the third side.^ 

Theorem II. If two sides of a spherical triangle are unequal^ the 
angles opposite are unequal and the greater angle is opposite the greater 
side. If two sides are equals the angles opposite are equal. 

Theorem III. In a right spherical triangle ABC ^ 

1. a and a are of the same species; 

2. h and /3 are of the same species; 

3. if c < 90®, then a and h are of the same species; 

4. if c > 90®, then a and b are of different species. 

Proof. From (III) of Section 243, tan a = sin 6 tan a. Since 
b < 180®, sin > 0. Hence, tan a and tan a are both positive j and 
a and a are both less than 90®, or tan a and tan a are both negative, 
and hence a and a are both between 90® and 180®. Thus, a and a are 
of the same species. (Parts 2, 3, and 4 will be proved by the stu- 
dent in the next exercise.) 


EXERCISE 1 

1. Apply Napier’s rules to each of the five circular parts and verify 
that (I) to (X) are thus obtained. 

Without reference to formulas (I) to (X), by use of Napier^ s rules obtain a 
formula connecting the given parts of the right spherical triangle ABC. 

2. (c, OL, /3). 4. {h, c, 13). 6. (a, (3, b). 8. (a, c, a). 10. (a, b, a). 

3. (o, c, /3). 6 . {a, b, c). 7. (a, p, a). 9. (6, c, ol). 11. {a, b, /3), 

12. Prove Parts 2, 3, and 4 of Theorem III by use of (V) and (VIII). 

246. Solution of a right spherical triangle ABC. Suppose that 

values are assigned for any two parts of the triangle other than the 
right angle y. Then, we shall find that there will exist just one solu- 
tion for the unknown parts, or just two solutions, or no solution, 
depending on the nature of the data. Any solution which exists, or 
the conclusion that no solution exists, can be arrived at by use of 
formulas (I) to (X). An inspection of the possibilities as to two given 

* Theorems I and II are proved in Part II of this text. 
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parts shows that two solutions cannot exist except when the given 
parts are (a and a) or (5 and jS); in either of these cases the data 
yield either two solutions or no solution. 

In preparing the computing form for the solution of a right spheri- 
cal triangle, we may employ Napier's rules and the methods of Prob- 
lems 2 to 11 of Exercise 1 in writing the formulas to be used. 


Example 1. Solve triangle ABC if a = 32^’ 24' and c = 49° 15'. 
Solution. To find any unknown part, we use that formula which in- 
volves this part and the given parts. Thus, to find b, we use (V), 


Formulas 

Computation 


Data; a = 32° 24'; c = 49° 16'. 

COS c 

(V) cos h 

cos a 

log cos c = 9.8148 - 10 (Table VI) 

log cos a = 9.9265 — 10 ( — ) 

log cos 6 = 9.8883 - 10; 6 = 39° 21'. 

, sin a 

ill cin /V xss. - - - T 

log sin a == 9.7290 — 10 
log sin c « 9.8794 *- 10 ( — ) 

\ X ) &XXL U . • 

^ sm c 

log sin a — 9.8496 — 10; hence,* 
a = 45° 1' or 484-°-69^. 

Note. 134° 59' is ruled out by Part 1 of Theorem III, Section 245: since 
a < 90°, it follows that a < 90°. 

(VII) cos /9 = tan a cot c. | The student should compute; 13 ~ 56° 51'. 
Summary. a; == 45° 1'; /5 - 56° 51'; 6 « 39° 21'. 


Check. Use (IX) because it involves all computed parts, 
cos i9 = cos b sin a. cos h - .7733 (Table VII) 

(X) sin a == .7073 

(Table VII) cos ^ ~ .5468 - cos 6 sin a = .5469. (By arithmetic) 

Comment. If the check formula were tested by finding the logarithms of 
the sides, we would thus check the logarithmic part of the solution, but 
not the values of 6, a, and However, the logarithmic check would have 
the advantage of being more quickly accomplished.t 

In the logarithmic computation of a product or a quotient, the 
logarithm of the numerical value of any negative factor F will be 
labeled (n) log The logarithmic work will then give the numer- 
ical value of the product or quotient; its sign will be -h or — accord- 
ing as an even or an odd number of factors are negative. 

* Recall that to every value of log sin where sin 0 > 0 and 1, there 
correspond two values of 6, which are supplementary and between 0° and 180°. 

t The instructor may desire to direct the use of logarithmic checking. 



EIGHT SPHERICAL TRIANGLES 


221 


Example 2. Solve triangle ABC if a = 63° 40' and h — 117° 25'. 


Formulas 

Computation 


Data: a = 63° 40'; h = 117° 25'. 

(VIII) tan /3 == 

sm a 

tan 117° 25' = - tan 62° 35'. 

(yi) log tan 5 = 10.2850 - 10 

log sin a — 9.9524 — 10 ( — ) 

(re) log tan P = 0.3326; from Table VI, 
log tan 65° 4'= 0.3326; ;8 = 114° 66'. 

(V) cos c = cos a cos b. 

log cos a — 9.6470 — 10 
(n) log cos b — 9.6632 — 10 (-h) 

cos 117° 25' = - cos 62° 35'. 

(re) log cos c = 9.3102 — 10; from Table VI, 
log cos 78° 13' = 9.3102 - 10; .-. c = 101° 47'. 

Formula (III). 

The student may verify: a = 66° 17'. 

Summary. 

o: = 66° 17'; /3 = 114° 56'; c = 101° 47'. 


Check. Use cos c = cot a: cot with logarithms. 


Comment. In the preceding solution, tan ^ is negative and the logarithm 
of its numerical value is 0.3326. Therefore, is in quadrant II and tan /? 
is numerically equal to tan 65° 4'. Hence, — 180° — 65° 4' — 114° 56'. 


Example 3. Solve triangle ABC if a == 43° 21' and a = 36° 42'. 


Formulas 

Computation 

1 

Data: oc - 43° 21'; a - 36° 42'. 

sin h = 

log tan a = 9.8723 — 10 
log tan a = 9.9750 - 10 (-) 

^ ' tan a. 

log sin h ~ 9.8973 — 10; hence, 
h = 52° 8' or 127° 52'. 

(I), to find c. 

(IV), to find 0. 

The student may verify the results: 
c = 60° 31' or 119° 29'; 0 = 65° 7' or 114° 63'. 


Grouping. By Part 3 of Theorem III, Section 245, if c = 60° 31' then 5 = 52° 8', 
and therefore (by Part 2) jd == 65° 7'. The other values form a second solution. 


Summary. First solution: hi = 52° 8'; A = 65° 7'; ci = 60° 31'. 

Second solution: 62 = 127° 52'; ft - 114° 53'; C2 = 119° 29'. 


Comment. In Figure 6, the first solu- 
tion of Example 3 is represented by tri- 
angle ABC, and the second by triangle 
A'BC (the figure is not true to scale, but 
essential features are appropriately rep- 
resented) . 



Fig. 6 
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EXERCISE 2 


Solve the right spherical triangle ABC. If computation is necessary^ use 
four-place or five-place logarithms^ and check the solution. 


13. a = 63° 28'; a = 48° 14'. 

14. a - 22° 10'; P ^ 37° 20'. 

16. a = 127° 30'; /? = 114° 27'. 


1. a - 45° 20'; c = 63° 10'. 

2. 6 = 62° 10'; c = 75° 20'. 

3. o: - 58° 20'; c - 85° 40'. 

4. ^ = 73° 20'; c = 65° 30'. 

6 . a - 83° 45'; h = 45° 26'. 

6 . a - .61° 26'; 5 = 79° 32'. 

7. 5 - 38° 15'; /3 = 52° 10'. 

8 . a = 43° 28'; o; = 57° 40'. 

9. a = 61° 26'; h - 110° 30'. 

10. a = 103° 15'; h - 58° 23'. 

11. o: - 48° 26'; - 100° 40'. 

12. a = 120° 15'; - 70° 32'. 


16. h - 103° 18'; jS - 135° 14'. 

17. a: - 100° 15'; P - 160° 38'. 

18. h = 67° 35'; a = 108° 30'. 

19. a = 114° 20'; a = 96° 18'. 

20 . h == 126° 14'; /3 - 105° 30'. 

21 . h - 90°; a = 36°. 

22 . a = 90°; - 90°. 

23. a - 63°; a - 128°. 

24. c = 35° 25'; h - 63° 46'. 


Solve by use of five-place logarithms and check. 

26. a - 65° 27.3'; /3 - 49° 18.6'. 28. ^ = 108° 19.4'; b - 157° 13.2'. 

26. a = 35° 41.7'; c - 73° 24.5'. 29. o - 128° 31.3'; a - 36° 14.9'. 

27. a - 124° 14.8'; a = 147° 15.2'. 30. b - 36° 45.2'; a - 131° 14.7'. 

What can be said about the other parts of the spherical triangle ABC under 
the given condition? Then, check (I) to (X) for the triangle. 

31, a = 7 = 90°. 33. 7 - c = 90°. 36. a = 7 - 6 = 90°. 

32. 7 = a - 90°. 34. 7 = <2 = 5 - 90°. 3Q. a b c == 90°. 


247. Isosceles and quadrantal triangles. Suppose that the spher- 
ical triangle ABC is isosceles, with a == b; then, it fol- 
lows that o; — /?. If a great circle is passed through 
C and the mid-point D of AB, then triangles ADC and 
BDC are symmetric right triangles with right angles 
at D. By first solving one of these right triangles, we 
can solve triangle ABC if any two of its distinct parts 
(a, a, c, 7 ) are given. 

Fig* 7 Illustration 1 . In Figure 7, if we are given a — 75°, 

b — 75°, and 7 = 58°, then / ACT) = 29°. Hence, we can 
find a. and AD by solving A ADC by use of (I) to (X). Then c — 2{AD). 



Note 1. Let ABC be any spherical triangle and let A'B'C' be its polar 
triangle. Then, if a', b', c', a', /3', and 7 ' are the parts of A'B'C\ from 
Section 191 we recall that 
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a' = 180° - a; h' = 180° - / 8 ; c' = 180° - 7 ; . 

a' = 180° - a; = 180° - 6 ; 7 ' - 180° - c. 

A quadrantal triangle ABC is a triajigle with at least one side equal 
to 90°; suppose that the triangle is lettered so that c = 90°. Then, 
from (1), in the polar triangle y' = 180° — 90° = 90°. Thus, 

A'B'C' is a right spherical triangle’. Hence, if we are given two 
parts of a quadrantal triangle in addition to the 90° side, we can 
solve the triangle by first solving the polar triangle and then using (1). 

Example 1 . Solve triangle ABC if c = 90°, 7 — 43°, and a == 132°. 
Solution. 1 . From ( 1 ), in the polar triangle A'B'C^ 

7 ' = 180° - c = 90°; c' = 180° - 7 = 137°; oj' = 180° - a = 48°. 

2. On' solving triangle A'B'C' by use of Napier^s rules, we obtain 
a' = 30° 27'; 6' = 148° 2'; = 129° 5'. Hence, from (1), 

O' = 180° - a' = 149° 33'; /5 = 180° - 6' = 31° 58'; h = 50° 55'. 

EXERCISE 3 

Solve the oblique spherical triangle by use of five-place logarithms.* 

1. a = 6 - 80° 32'; c - 142° 40'. 6 . jS = 7 = 53° 49'; c - 37° 32'. 

2. 6 = c == 16'; a = 98° 36'. 6. c = 90°; a = 28° 47'; b - 63° 57'. 

3. a = 94° 30'; 6 - c = 53° 27'. 7. 6 = 90°; a = 128° 29'; 7 =- 133° 45'. 

4. ^ 48 ° 21'; 7 = 112° 18'. 8. a - 90°; b - 121° 45'; a = 143° 26'. 

9. a = /3 = 67° 19.8'; c = 94° 15.4'. 

10. a - 90°; O' = 46° 17' 8"; 6 - 64° 11' 40". 

Solve the oblique triangle ABC by use of auxiliary right triangles and 
five-place logarithms.* 

11. h = 48° 27'; O' = 73° 29'; c = 128° 33'. 

Hint. Pass a great circle through C perpendicular to AB and solve 
the resulting right spherical triangles. First construct /\ABC approxi- 
mately to scale by starting with side c in a horizontal plane. 

12. a == 99° '26'; c = 43° 14'; /3 = 36° 57'. 

13. /3 = 5X° 18'; c = 67° 26'; a = 18° 29'. 

14. T = ^3°-17'; /3 = 64° 16'; a = 115° 18'. 

Note 1. If the class is not to study oblique spherical triangles, neverthe- 
less all applications in Chapter XVII can be taken up after Exercise 3 
(except for Case I of Section 272). Under these circumstances, the oblique 
triangles involved would be solved as in Problem 11 of Exercise 3. 

* Four-place answers are given also, except for Problems 9 and 10. 



Chapter XVI 
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248. The law of sines. In any spherical triangle ABC, the sines 
of the sides are proportional to the sines of the corresponding opposite 
angles. That is, 

sin a _ sin b _ sin c 

sin q: ~ sin ” sin 7 ^ ^ 

Proof. 1. Draw a great circle through B perpendicular to the plane 
of AC. This circle cuts AC at a point D (see Figure 8), or else cuts 
AC extended at a point D where AD < 180° (see Figure 9). Then, 
triangles ABD and CDB have right angles at D. In each figure, 
let the measure of BD be h. 

B 


c 

Pig. 9 


2. By use of formula (I), Section 243, 


for AADB, 

sin h = sin a sin c; 

(1) 

for ADBC, in Figure 8, 

sin A = sin 7 sin a; 

(2) 

for ADBC, in Figure 9, 

sin A = sin 6 sin a. 

(3) 

3. In Figure 9, 0 = 180° - y, 

hence, sin 0 » sin 7 and (3) be- 

comes (2). Thus, (1) and (2) are 

true for both figures; 

hence, 


sm a sin c 

(4) 

sin a sin c = sin 7 sin a, 

or 

sm a Bin 7 


4. Similarly, by passing a great circle through C perpendicular to 
ABj we could show that 

sin a sin b 
sin a sin 

Equations (4) and (5) are equivalent to formulas (I). 
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Pig. 8 



( 5 ) 
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249. The law of cosines. In any spherical triangle ABC, 

cos a = cos b cos c + sin h sin c cos a; (II) 

cos h = cos a cos c + sin a sin c cos p ; (III) 

cos c = cos a cos b + sin a sin b cos y, (IV) 

Proof. (For the case of Figure 8.) By use of (V), Section 243, ap- 
ied to ABDC and ALB, since DC = (h — AD) we obtain 

cos a — cos h cos (5 — AD ) ; cos c = cos h cos AD. (1) 

cos a _ c os h cos (b — A D) _ cos h cos AD + sin 6 sin AD ^ 
cos c cos h cos AD ~ cos AD 

^ cos 6 H- sin ?> tan AD. (2) 


From (II), Section 243, for AABD, we obtain tan AD = tan c cos a. 
Therefore, from (2), 

cos a = cos h cos c + sin h cos c tan c cos a) 
or„ cos a = cos h cos c + sin 6 sin c cos a. 

Note 1. In Figure 9, CD = AD — 6 = — (5 — AD). On going 
tlirougli the details of the preceding proof and recalling the identity 
cos 6 ” (?os (— 6), we again obtain (II). 

By interchanging the roles of the letters in (II), or by stating that 
result in words as relating to any side, called a for convenience, we 
obtain (III) and (IV). 

We call (II), (III), and (IV) the law of cosines for sides. On 
applying these formulas to the polar triangle A'B'C' of triangle ABC, 
we obtain the following formulas, called the law of cosines for angles: 


cos a = — cos ^ cos y -f sin ^ sin y cos a ; (V) 

cos = — cos a cos y •+• sin a sin y cos b ; (VI) 

cos y = — cos OL cos /3 4- sin a sin p cos c. (VII) 

Proof. For triaiigle A'B'G' , from (II) we obtain 

cos a' = cos h' cos c' + sin V sin c' cos a\ (3) 

Recall that 


a' = 180° ” a; V ^ 180° - /S; c' = 180° - y; a' = 180° - a. 

Hence, sin a' == sin a; cos a' = — cos a; sin h' = sin /3; etc. There- 
fore, from (3) we obtaiji (V). Similarly, we obtain (VI) and (VII). 
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260. Formulas for the half-sides and half-angles. Let 

1 , , , , . , 4 /sin (s — a) sin (s — b) sin (s — c) ... 

= 4 (a + h + c) and r= Y ^ ^ ^ ; ( 1 ) 


theiij we shall prove that, for any spherical triangle ABC, 


j. ^ j. P 

2 ~ sin (s - a) ’ 2 ’ 


sin (s 




sin (5 — c) 


(VIII) 


★Note 1. Prom solid geometry, we recall that the sum of the sides of a 
spherical triangle is less than 360°, and that the sum of any two sides is 
greater than the third side. Plence, a + 6 -p c < 360°; thus, s < 180° 
and sin 5 > 0°. Also, 

§(5 + c — a) — s — a; f(a + c — b) — s b; i(a + h — c) = 5 — c. (2) 

Since 5 < 180° and 6 + c > a, hence 0 < 5 — a < 180°; sin (s — a) > 0; 
sin (s — b) >0; sin (5 — c) > 0. Therefore, the expression under the 
radical in (1) is 'positive, and r is a real number. 

Note 2. Recall the following trigonometric identities: 

cos {6 — (j>) — cos 6 cos cl> -j- sin 6 sin <l > ; (3) 

cos a: — cos 2/ = 2 sin i(y -p a;) sin ^(y — x). (4) 


Proof of (VIII), for Ja. 1. From (II), cos a = 


cos a — cos b cos c 


lienee, 
[From (3)] 
[From (4)] 
[Using (2)] 


1 — cos CK = 


cos oc = 


sin b sin c 

(cos b cos c + sin h sin c) — cos a 
sin b sin c 
_ cos (h ~ c) •— cos a 
sin b sin c 

~ 2 sin ^(g + b — 0) sin f (a — 6 -p c) . 

”” sin h sin c ' 

2 sin (s — c) sin (s — b) 

Sin b sin c 


2. Similarly, we find that 1 + cos a — 


2 sin g sin (s — a) 


( 5 ) 


( 6 ) 


sin b sin c 

3. From the formula for the tangent of half of an angle a in terms 
of cos a, 

tan^ = v/ LT - ^ - = 

2 V 1 “P cos a V sin s sin (s — a) 


V/i> 


“P 

Sn (s — a) sin (s — b) sin (s — c) 


( 7 ) 


sin^ (s — a) sin ($ — a) 


sm 5 
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By applying (VIII) to the polar triangle A'B'C', if we let 

S = ^{a + p + y) and R = \f- r. (8) 

V COS (iS — a) cos (S — /S) cos (S — r) ^ 

we can prove that 

tan = R cos (S — o:) ; 1 

tan ib = JR cos (S - /8) ; i (IX) 

tan = JR cos (iS — y) . J 

Proof of (IX). 1. For the polar triangle A'B'C'y. s' ^ + 6 ' 4 - c') ; 




sin (s' — g') sin (s' — bQ sin (s' — c') ^ 
sin s' ' 

2 ” sin (s' - a') * 


2 . On using a' = 180® — a, a' = 180® — a, etc., we obtain 
s' = i[540® - (o: + iS + y)] = 270® -- S; 


(9) 

( 10 ) 


s' - a' = i( 6 ' + c' - a') = 90® - (S-a); ( 11 ) 

s' - 6 ' = 90® - (^ - /3); s' - c' = 90® - (S-y); W - 90® ia. 
Hence, tan ^a' = cot fa; sin s' = — cos 18 ; 


sin (s' ~ a') == cos (S — a) ; 


sin (s' — 6 ') = cos (S — jS); sin (s' — c') = cos (S — y). 


3 , On using the preceding relations in (9) and ( 10 ), we find that 
= | and cot | = or, tan | = B cos (-S - a). 

★JSFote 3. From Section 192, the sum of the angles of a spherical tri- 
.angle lies between 180® and 540®. Thus, ;180® < a + ^ + y < 540° or 
90® < 8 < 270® and cos S is negative. Moreover, from Note 1 it is seen 
that 0 < (s' “• a') < 180® and, from (11), (S — ol) ^ 90® — (s' — • a'). 
Hence, (S — a) is greater than ~ 90® but less than 90® and therefore 
cos (8 — a) is positive. Thus, the radicand in (8) is always positive. 

Since sin^ fa = f(l — cos a) and cos^ fa = f (1 -f cos a), from (5) 
and ( 6 ) we obtain the following formulas (X) and, by symmetry, 
corresponding formulas relating to jS and y. 


. a A /sin (s — b ) sin (s — c) ^ 
sm 2 “ V sin b sin c ’ 


a ' A /sm s sm (s — a) 

cos -ft = V/ ; — i-A • 

2 V sm b sm c 


(X) 



SPHERICAL TRIGONOMETRY 


228 


P _ 1 /sin (s — a) sin (s — c ) , 
2 ~ V sin a sin c * 


7 „ A / sin (s — fl) sin (s -- b) ^ 
2 "" V sin a sin b ’ 



/sin s sin (5 — 

b) 

2 ' 

r sin a sin c 



/sin 5 sin (s — 

3 

2 y 

r sin a sin h 



(XI) 

(XII) 


261. Gauss’s formulas, or Delambre’s analogies.* If a and jS are 
any two angles of a spherical triangle ABC, then 

sin Ka + ;8) = cos 4r ; (Xni) 

sin 4(a - ^) = - cos iy, (XIV) 

cos 4(o: + j8) = *^°^cos°ic ' 

cos i(« - ^) = sin iy. (XVI) 

Proof o/ Delamhre^s analogies. 1. By use of an addition formula, 
sin ^(a + /3) = sin (^a + J/S) — sin ia cos ^/3 + cos sin ^/3. ( 1 ) 


2 . From (X), (XI), and (XII), 


. T T ^ Sin (5 — 6) ^ /sin s sin (s — c) sm (s ~ b) . 

sm ia cos ip v -if ; 1 — = v- — cos iy. 

^ ^ sm c V sm a sin b sm c ^ 


Similarly, cos ia sin -1/3 == -- —4^— — cos iy. 

3. From ( 1 ) and Step 2 , 

K , sin (5 — 6 ) + sin (s — a) . 

a + p) = cos iy 

sm c ^ 

2 sin i(2s — a — h) cos i(a — b) i 
^ 

In (2), we used the identity 

sin a; “P sin ?/ =* 2 sin i(x + y) cos i(x — y). 


(2) 


4 . Since 25 — a — 6 = a4-6“{“C — a— 6 ==c, ( 2 ) gives (XIII). 

6 . Similarly, we are led to (XIV), (XV), and (XVI). By symmetri- 
cal changes of letters in (XIII) to (XVI) we may write the Delambre 
analogies involving a and 7 or /3 and y in the left members. 

* The word analogy here is used in an old sense meaning a 'proportion. 
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Note 1. Each of Belambre’s analogies involves all six parts of trL 
angle ABC, Hence, these formulas are useful in checking the solutions 
of triangles. 

262. Napier’s analogies. The following four formulas and the 
eight symmetrical equations involving (/?, 7; h, c) or (a, 7; a, c) in 
the left membei's are called Napier’s analogies. Each of these for- 
mulas involves five parts of triangle ABC, We obtain (XVII) by 
dividing each side of (XIV) by the corresponding side of (XIII) ; etc. 

/ VT^TT^ ^ tanj|-(fl b) sin — b) tan •|■(<x — /3) 

sini(a4-/3)"’ tanjc ’ smi(a+b) 

fXVIII') 6) ('XX') |(g- b) _ tan i(a+ jS) 

^cos|(a+/3) tanjc '^cosi(a+6) cotjy 

★EXERCISE 4 

1. By use of figures like Figures 8 and 9, prove that the sines of h and c 
are proportional to the sines of and 7. 

2. By use of the figures used in Problem 1, prove (III) or (IV). 

3. Prove (VI) by use of (III). 4. Prove (VII) by use of (IV). 

6. Completely verify equation (6) in Section 250. 

6 . Derive the formula for tan in (VIII) ; from this result prove the 
formula for tan in ,(IX). 

7. Prove (XIV) and (XVI). 8. Prove (XV) for cos i(a + 7). 

263. Solution of oblique triangles. The following cases arise. 

I. Given three sides, 

II. Given three angles. 

III. Given two sides and the included angled 

IV. Given two angles and the included side. 

V. Given iwo sides and an angle opposite one of these sides. 

VI. Given two angles and a side opposite one Of these angles. 

We shall find that formulas (I), (VIII), and (IX), and Napier’s 
analogies are sufficient for the solution of all cases. 

Case I; given three sides. The angles are found by use of 
formulas (VIII). The solution may be checked by the law of sines, 
or by one of Napier’s analogies involving all angles. 

Case II; given three angles. The sides are found by use of 
formulas (IX). The solution may be checked by the law of sines or 
by one of Napier’s analogies involving all the sides. 
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Example 1, Solve the triangle ABC if a 123° 56', /3 = 72° 20', and 
7 81° 40'. 


Formulas 

Computation 

S = + /3 + T)- 

To check here, notice 
{S- a) + iS -&) + {S - T) 

= 3S - (a + /3 + 7 ) = <S. 

a: = 123“66''| S-a= 15° 2'] 

(5= 72°20'1(h-) 66°38'1(4.) 

7= 81° 40' 1 «S-7“ 57° 18' | 

2/8 = 277° 56' /S=138°58'’ 

R = 

log cos (>8 - a) = 9.9848 - 10 ] 

log cos (/S - i8) = 9.5984 - 10 1(4-) 

log cos (^ - 7 ) = 9.7326 - 10 | 

1 — cos iS 

\ cos (S— O') cos (S — /3) cos(S — 7 ) 
cos 138° 58' = - cos 41° 2'; 

— cos S = cos 41° 2 '. 

log deuom. = 9.3158 — 10 ( . 

log (- cos 8) = 9.8776 - 10 f I 

log = 0.5618 (-i- by 2 ) 

tan = i? cos (S — a). 

log R = 0.2809 

log cos (/8 — a) = 9.9848 — 10 ( + ) 
i log tan |a = 0.2057 ; 

ia = 61° 32'; a = 123° 4'. 

tan ^6 = JR cos (S — p). 
tan ^ R cos (S — 7 ). 

Similarly, we find 

6 = 74° 16'; c = 91° 46'. 


Summary. 123° 4'; h « 74° 16'; c » 91° 46'. 


Check. 

Sin a sin h sm c 

log sin o! = 9.9189 — 10 log sin /S* 9.9790 — 10 log sin y « =9.9954— 10 
log sin a- 9.9233 -IO(-) log sin 6-9.9834- 10(- ) log sin r =9.9998- lO(-) 
log quot. = 9.9956 - 10. log quot. = 9.9956 - 10. log quot. =“9.9956 - 10. ' 


Comment. In Example 1, since c is near to 90°, the check by the law of 
sines is not useful for detecting any small error in c. A more refined test 
would be obtained by checking with (XVII). 

Note 1. Case II may be solved as follows: {%) find the sides of the 
polar triangle; (n) solve for its angles, by Case I; (m) compute their 
supplements to find the sides of the original triangle. 

Note 2. In Case I we may solve as follows: {%) find one angle by use 
of the law of cosines; {ii) find the other angles by use of the law of sines. 
A similar method is available for Case II. This method is somewhat in- 
convenient from the standpoint of logarithmic computation. 

★Note 3. The method of Note 2 for Case I assumes added convenience 
if we first transform (II), (III), and (IV) by introducing a new trigono- 
metric function called the haversine, abbreviated hav, and defined by the 
equation 

hav d = 1(1 — cos B) or cos 0=1 — 2 hav 0. (1) 
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In (II), let cos a and cos a be expressed in terms of hav a and hav a:. 
Then, after using (3) of Section 250, in place of (II) we obtain 

hav a = hav (5 - c) + sin h sin c hav a. (II)' 

Certain other formulas of this chapter can also be altered conveniently by 
use of haversines. Such formulas are frequently useful in navigation, if a 
table of values of the haversine is available. 

EXERCISE 5 

Solve and check hy use of four-place or five-place logarithms. 

1. a = 39°; 6 = 49°; c = 62°. 5. a = 81°27'; 6 = 38° 50'; c = 92°43'. 

2. a = 61°; 6 = 43°; c = 68°. 6. o: = 116°19'; id = 55°30'; y = 80°37'. 

3. a = 125°; i3 = 73°; 7 = 84°. 7. a = 124° 16'; )(? = 53°40'; y = 51°24'. 

4. a = 75°; /3 = 83°; t = 69°. 8. a = 147°40'; 6 = 72° 10'; c = 121°36'. 

Solve and check by use of five-place logarithms. 

9. a = 48° 57.6'; 6 = 69° 28.4'; c = 83° 13.2'. 

10. O' = 127° 39.4'; p = 91° 16.2'; y = 75° 36.6'. 

11 . a = 138° 26.7'; = 77° 27.3'; y = 81° 13.0'. 

12. a = 48° 42.8'; 6 = 106° 54.2'; c = 84° 19.0'. 

★254. Rules for species. In the use of the law of sines to deter- 
mine an unknown side or angle, usually two values are obtained for 
the unknown part. To group ambiguous results properly, or to re- 
ject impossible values, we usually employ Theorem II in Section 245, 
Sometimes, however, the following theorems are useful. 

Theorem I. Half the sum of any two sides is of the same species as 
half the sum of the opposite angles. 

Theorem II. A first side {or angle) which differs from 90° more than 
another side {or angle) has the same species as the angle {or side) opposite 
the first side {or angle) . 

Note 1. The student should prove Theorem I by use of (XVIII). If 
formula (II) is solved for cos a, proper consideration of the result would 
establish Theorem II. 

266. Case III; given two sides and the included angle. If the 

given parts are (a, 6, 7), we find a and /3 by use of (XIX) and (XX), 
and c by use of (XVII). The solution may be checked by the law of 
sines, or by one of Gauss's formulas. 

Example 1. Solve the triangle ABC if a = 125° 38', c = 73° 24', and 
P = 102° 16'. 
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Formulas and Data 

Computation 

Data: <2 — 126® 38': ] « 

“= 7344'. / |8 = 102n6'. 

0 - c = 52° 14'; a + c = 199° 2'; 

i(a - c) = 26° 7'; i(o + c) = 99° 31'; 
i/3 = 51° S'. 

From (XIX): tan J(a - r) 
cot 4/3 sin \{a — c) 

~ sin |(a + c) 

sin 99° 31' = sin 80° 29'. 

log cot il3 = 9.9063 - 10 1 
log sin i(o - c) = 9.6436 - 10 / (+) 

log product — 19.5499 — 20 
log sin i(a -f c) = 9.9940 — 10 ( — ) 
log tan iia — 7 ) » 9.5559 — 10; 

- 7 ) =- 19° 47'. 

Prom (XX): tan i(a + 7) 
cot cos J(a — c) 

”” cos i(a 4- c) 

cos 99® 31' = - cos 80° 29'. 

log cot 4/3 = 9.9063 - 10 
log cos i(a - c) = 9.9532 - 10 (+) 

log product 9.8595 — 10 
(n) log cos i(a 4- c) = 9.2184 — 10 ( — ) 

(n) log tan iCct-h'y) =0.6411; from 'rablo VI, 
0.6411 = log tan 77° 8'. Hence, 
f i(« + 7 ) = 102° 52'. 

1 i(<x — y) = 19° 47'. (Prom above) 

O' * 122° 39'. [Adding] 

7 « 83° 5'. [Subtracting] 

Prom (XVII): tan 
__ tan i(a — c) sin ^{a + 7 ) _ 
sin \(a — 7 ) 

The student may verify that 

46 = 54° 41'; 6 = 109° 22'. 


Chech. We use formula XV : 

cos ^(g + jg) 
sin ^7 

(n) log cos i{a + i^) - 9.5822 - 10 

( — ) log sin ^7 = 9.8216 ~ 10 

(n) log quotient ~ 9.7606 — 10. 


cos 4- . 

cos Jc 

in) log cos iia + 6) « 9.6644 — 101 
(-) log cos jc « 9.9040 - 10 / 
(n) log quotient « 9.7604 — 10. 


Note 1. In an example under Case III, the unknown side could be 
found by using the law of sines instead of a Napier analogy. However, 
the Napier analogy gives the side without any ambiguity while the law of sines 
would give two values for the side. 

Note 2. In Case III, we may also solve as follows: ii) use the law of 
cosines to find the third side; (n) use the law of sines to find the unknown 
angles.* 

266. Case IV; given two angles and the included side. If the 

given parts are a, /3, and c, we use (XVII) and (XVIII) to find a 
and h and (XIX) to find 7. The solution may be checked by the 
law pf sines, or by one of Gauss's formulas. The details are similar 
to those met in considering Case III. 

Or, if a table of haversines is available, use (II) ' of Section 253. 
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Note 1, In Case IV, we can also solve by use of the polar triangle, for 
which the data would come under Case III. 


EXERCISE 6 


Solve the sphevical tTiOLugle AJBC by use of fouv-ploce ot jwe-ploce logor 
rithms and check the solution. 

1. a = 93° 8'; h = 46° 4'; y = 71° 6'. 

2. a = 58° 6'; b = 22° 8'; y = 112° O'. 

3. o: - 118° 4'; /3 = 36° 2'; c = 35° 6'. 

4. a = 108° 46' P = 40° 48'; c = 80° 14'. 

6. 6 = 127° 46' c = 65° 32'; a - 94° 38'. 

6. a = 126° 34' 7 = 106° 24'; b = 121° 47'. 

7. = 44° 28'; 7 = 116° 24'; a = 63° 29'. 

8. a = 64° 27'; c = 104° 39'; /? = 64° 20'. 

Solve by use of five-place logarithms and check the solution. 

9. a = 124° 17.8' c = 83° 16.6'; = 63° 19,6'. 

10. a = 124° 16.3' 7 = 52° 19.7'; b = 56° 38.3'. 

11. /£? == 101° 16.7' 7 = 143° 25.2'; a = 104° 16.0'. 

12. b = 84° 28.2'; c = 137° 41' 44"; a = 112° 10' 33". 


267. Case V, the ambiguous case; given two sides and an angle 
opposite one of these sides. If the ^ 

given parts are a, 6, and a, the geo- 
metric possibilities bear a close re- 
semblance to those for plane triangles 
in the ambiguous case. For the illus- 

tration in Figure 10, there are two so- 
lutions, ABiC and AB 2 C. For any 
data, there will be either no solution, 
or just one, or just two solutions, de- 
pending on the values of the given parts. If a, h, and a are given, 
we obtain /3 from the law of sines, 

. ^ sin h sin a. . 

sin p = (1) 

sin a ^ 



Fig. 10 


Corresponding to each permissible value of ^ obtained from (1), 
we can find just one corresponding pair of values for the unknown 
side c and its opposite angle y by use of the Napier analogies which 
involve i(a =h b) and ± 13). 

In considering equation (1) we meet the following cases. 
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I. If sin 13 > 1; there is no solution. 

21 . 7/ sin j8 == 1, there is just one solution j with jS = 90°. 

222 *. If sin we find, an acute value /3i from our tables and a 

second value = 180 ° — /9i. Each of /3i and ^2 must he tested by 
Theorem II on page 219 to reject inadmissible values. Either both, or 
just one, or neither of /3i and ^2 may he admissible. 

Example 1. Solve triangle ARC if a = 46° 39'; h = .33° 7'; ^ = 44° 28'. 

Solution. The figizre for the problem would look like Figure 10, with 
the letters A and B interchanged and the other corresponding alterations. 


To j&nd a and the number of solutions: 



log sin p = 

9.8454 ~ 10 


log sin a = 

9.8617 - 10 ( + ) 

sin 3 sin a 

sin a T— v 

sin b 

log product ~ 
log sin h = 

19.7071 20 

9.7374 - 10 (-) 


log sin a ~ 

9.9697 ~ 10; hence, 


a = 68° 60' 

or O! = 111° 10' 


By Theorem II, Section 245, since h < a, hence we must have P < a. We 
verify that /3 < 68° 50' and p < 111° 10'. Therefore, both ai and aa are per- 
missible; there are two solutions. 


To find c and y we use (XVIII) and (XIX) : 


tan ^(a + b) cos •|•(a + /?) . , tan l(a — P) sin jja 4- b) ^ 

cos — P) ’ sin i(a - b) 


a == 46° 39' 
b - 33° 7' 

ai = 68° 50' 

/3 = 44° 28' 

ai = 111° 10' 

i3 - 44° 28' 

a -h 5 = 79° 46' 
a - 6 - 13° 32' 

+ 6) = 39° 53' 
i(a - 6) - 6 ° 46' 

ai + i8 = 113° 18' 

Cl - ^ = 24° 22' 
i(a, + /3) = 56° 39' 

- ;3) = 12° 11' 

Q!2 -i- ^ = 155° 38' 
aa - i3 = 66 ° 42' 
i(o:2 + 0) = 77° 49' 
i(oti - /3) = 33° 21' 

To compute c: 

By use of ai : 

By use of a< 2 : 

log tan 4(a “h 5) *= 
log cos i(a + p) “ 

9.9220 - 10 

9.7402 - 10 (+) 

9.9220 - 10 

9.3244 - 10 (-) 

log product = 
log cos i(a — p) = 

9.6622 - 10 

9.9901 - 10 (-) 

9.2464 - 10 

9.9218 - 10 (-) 

log tan |c ~ 
Hence, 

9.6721 - 10 

id = 25° 10'; c, = 60° 20'. 

9.3246 - 10 

ica - 11° 55'; Cj = 23° 50'. 


From the formula for cot iy we obtain yi ' 50'; 72 ~ 31° 14'. 


Summary. First solution: ai ~ 68° 50'; Ci = 50° 20'; yi =* 80° 50'. 

Second solution: 0^2 = 111° 10'; C2 = 23° 50'; 72 = 31° 14'. 
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Example 2. Solve the triangle ABC if c = 31° 50^ h == 83° 20', and 
y = 105° 40'. 

Solution. To find /3: sin Q = T 

sin c 

log sin T = 9.9836 - 10 (sin 105° 40' = sin 74° 20') 

log sin h ~ 9.9971 — 10 (+) 

log product = 9.9807 — 10 

log sin c — 9.7222 — 10 ( — ) 

log sin /? = 0.2585; this implies that sin /? > 1; there is no solution. 


268 . Case VI; given two angles and a side opposite one of these 
angles. The details of a solution are similar to those under Case V. 
There may be no solution, just one, or just two solutions. 

Example 1. Determine how many solutions would exist for triangle ABC 
if O' = 36° 20', y = 104° 20', and c = 133° 10'. 

Solution. 1. To find ai 

log sin c 9.8629 — 10 
l og sin o 9.7727 - 10 (+) 

log product = 9.6356 — 10 
log sin y — 9.9863 — 10 ( — ) 

log sin a = 9.6493 — 10; hence ai — 26° 29' and a^ = 153° 31'. 

2. Test of the values of a by use of Theorem II, Section 245. Since 
y > a, hence c > a. We verify that c > 26° 29' but c < 153° 31'. There- 
fore, 02 is not admissible. There is just one solution for triangle ABCj with 
a - 26° 29'. 

EXERCISE 7 


sm c sm a 

sin a = : . 

sm y 

(sin 133° 10' = sin 46° 50') 


(sin 104° 20' sin 75° 40') 


Only find the number of solutions for the spherical triangle ABC. 

1 . a = 60°; h = 30°; /3 = 30°. 6. c = 45°; /3 = 60°; y - 30°. 

2. 6 = 75°;, p = 75°; y - 40°. 6. 6 = 150°; jS = 45°; y = 120°. 

3. a = 30°; h - 60°; a = 150°. 7. a - 120°; c = 150°; y = 75°. 

4. a = 120°; a = 60°; - 30°. 8. a = 30°; a = 75°; y = 15°. 


Solve by use of four-place or five-place logarithms, 

9. a = 47° 20'; b - 34° 9'; ^ = 43° 20'. 

10. b = 49° 20'; c = 37° 26'; t == 42° 50'. 

11. h - 39° 14'; c = 67° 20'; y = 115° 10'. 

12. a = 53° 30'; b = 82° 10'; = 118° 16'. 

13. c = 44° 50'; /3 = 61° 27'; y = 18° 10'. 

14. a = 39° 40'; a = 105° 10'; t = 143° 14'. 
16. c = 147° 20'; jS = 68° 12'; y - 27° 10'. 
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16. a - 129° 18'; 6 = 26° 40'; /3 = 59° 30'. 

17. a = 132° 40'; b = 151° 10'; a = 53° 15'. 

18. c = 138° 23'; « 121° 30'; 7 = 133° 10'. 

Solve by use of five^-place logarithms. 

19. b - 103° 14.8'; c - 62° 31.4'; 7 = 63° 20.7'. 

20. a - 119° 31.0'; a = 77° 43.3'; /3 = 52° 24.3'. 

21. b - 57° 23.2'; /3 = 68° 19.4'; 7 = 115° 16.8'. 


★259. Area of a spherical triangle. Lot E he the spherical excess 
and H be the area of a spherical triangle ABC, on a sphc^rc^ whose 
radius is p; then, 

£j=: 0 ' + j3 + 7~ 180°; the area of the sphere is 4iTp'K (1) 


In geometry it is proved that H is equal to the area of a lane whose 
angle is ^E, Since the area of a lune is to the area of the sphere as the 
angle of the lune is to 360°, hence, if E is measured in dc^grees, 


B jE 
4:Tp^ 360°' 


or 


H = 


TTp'^E 

180° 


(2) 


Note 1. It can be proved that 

tan iE = V tan ^5 tan — a) tan — b) tan (3) 

which is called L’Huilier’s Theorem. We omit the proof of (3). 


★EXERCISE 8 

Problems 1 to 4. Find the areas of the triangles of Problems 3, 4, 6, and 
7, respectively, in lExercise 5, if p = 100 feet. 


MISCELLANEOUS EXERCISE 9 

Solve the oblique triangle ABC by use of four-place or five-place logarithms. 

1. a ^ 131° 16'; c = 78° 24'; = 107° 19'. 

2. a == 81° 19'; h == 103° 16'; c = 39° 26'. 

3. a = 126° 39'; ^ ^ 42° 18'; 7 “ 53° 26'. 

4. a = 113° 15'; c = 71° 16'; 7 = 61° 47'. 

6. a = 116° 53'; a = 61° 29'; /3 = 81° 14'. 

6. a = 116° 21'; 5 = 77° 38'; c = 108° 29'. 

7. 6 « 47° 26'; = 118° 21'; 7 = 142° 16'. 

8. 6 = 67° 13'; a = 47° 28'; 7 = 118° 19'. 

9. a == 143° 20'; a = 137° 16'; j8 = 103° 27'. 

10. a = 129° 45'; c = 61° 38'; P ^ 97° 26'. 



Chapter XVII 

APPLICATIONS OF SPHERICAL TRIANGLES 
AND RELATED TOPICS IN NAVIGATION 

260. Latitude and longitude. For our purposes, no appreciable 
error is made in assuming that the earth’s surface is a sphere, whose 
radius is approximately 3959 miles. The earth revolves on a diameter 
whose intersections with the surface are called the north pole, N, 
and the south pole, S. If an observer 
stands at A on the earth, the direction 
of N is called north and of (S is called 
south; if he faces north, the direction 
perpendicular to north and to the 
right is called east and the opposite 
direction is called west. The equator 
is the great circle on the earth whose 
poles are N and S. The meridian of 
a point A on the earth * is the semi- 
circle NAS of the great circle through 
N, A, and S, as in Figure 11. The 
latitude of A is the angular measure 
of the arc of the meridian of A extending from the equator to A. 
If 0 is the earth’s center and X is the latitude of A, then, in 
Figure 11, X = A HO A. Latitude is measured from 0° to 90°, north 
or south of the equator. The colatitude of A is the complement of 
its latitude and is the angular measure of arc AN, in Figure 11. 

Illustration 1. In Figure 11, X = 40° N and the colatitude of A is 
50°, approximately. 

All points on the earth with the same latitude X lie on a small 
circle, with N and S as poles, in a plane parallel to the equator. 
This small circle, or parallel of latitude, may be called the \-latitude 
circle. In Figure 11, we observe that the curve AUV is the parallel 
of latitude through A. 

* On the earth will mean on the earth's surface. 
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The longitude of A is the angle of intersection of the meridian of 
A and the meridian of Greenwich, England, indicated by G in Fig- 
ure 11. Longitude is measured from 0° to 180° east or west from 
Greenwich. If <p represents the longitude of A, then (f> is the 
measure of the smallest angle formed by the planes ON A and 
ONG or, in Figure 11 , = ZKOH, in the plane of the equator. 

Illustration 2. In Figure 11, the longitude of A is approximately 100® Wj 
meaning 100® west of Greenwich. 

We observe that any point A on the earth is definitely located by 
specifying two angular coordinates , for A, the latitude and the longi- 
tude of A. 


261. Nautical miles. A nautical mile is defined as the length of 
the arc which is subtended on a great circle on the earth by an angle 
of 1' at the center of the circle: 

{V of arc on a great circle on the earth) = 1 nautical mile; (1) 

1 nautical mile = 6080 feet = 1.1616 statute miles. (2) 


To prove (2), we compute the circumference, in statute miles, of 
a great circle on the earth and divide this by 360° expressed in 
minutes : 


360° = (360) (60') = 21,600 minutes. 


{circumference of a great circle) = 27r(3959) statute miles. 


1 nautical mile = 


27r(3959) 

21600 


statute miles = 1.152 statute miles. 


N 


E 


262. Directions on the earth. The horizontal plane at A on the 

earth is an ideal plane which is tangent to the earth at A . In referring 
to a path ABj from A to B on the earth, we 
shall mean a directed path, from the first point 
A to the second point B. Any path AB has a 
directed tangent line which wc shall call the 
direction line for AR, radiating from A in the 
horizontal plane. In referring to the direction 
of AB at A we mean the direction of the 
direction line for AB. In the horizontal plane, 
north and south are determined by the direc- 
tion lines for arcs AN and AS of Figure 11. In Figure 12, AN 
and AS indicate these directions and we call SAN the meridian of A 
in its horizontal plane. In Figure 12, AR is the direction line for a 
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path AB. In referring to the bearing of a point B from A on the 
earth, we shall mean the direction at A of the shortest great circle 
path AB from A to jS. 

In the horizontal plane, we shall describe any direction, such as 
AB in Figure 12, by specifying its azimuth, which is the angle be- 
tween the north direction AN and AB, measured to the east (clock- 
wise) from the north. The direction of the track of a ship or airplane 
at any point A on the track is called the course of the track at A. 
Thus, the course or any other bearing is an angle between 0^ and 360*^. 

Illustration 1. If a ship sails on course 250°, as in Figure 12, the track 
AB is in a southwesterly direction. The direction of AB is 70° west of south 
because (250° - 180°) = 70° = ABAS. 

263. Plane sailing.* Let us assume that, in the neighborhood to 
be considered, the earth^s surface is the horizontal plane for some 
specified point A. The navigation of a ship or airplane under this 
approximation, which we adopt for the present, is called plane sailing. 
Instead of the actual longitude circle through A on 
the earth, we have the meridian NS, of Figure 12, 
through A on the horizontal plane. Instead of 
parallels of latitude on the earth, we would have 
corresponding straight lines perpendicular to the 
meridian in the horizontal plane. In Figure 12, WE 
represents the parallel of latitude through A. 

In indicating the position of a point B with re- 
spect to A, we refer to the distance AB, designated 
by d, the difference in latitude {DL), and the dif- 
ference in longitude (DLo), of A and B. The de- 
parture (dep) of B with respect to A is defined as the distance of B 
east or west of the meridian through A. In Figure 13, y represents the 
course of AjB and j3 is the acute angle between A.B and the meridian. 

When convenient, we shall attach signs to the departure and dif- 
ference of latitude. In such a case, the departure from A to B will 
be considered positive if ^ is east and negative if B is west of A ; the 
difference in latitude will be considered positive if B is north and 
negative if B is south of A. Unless otherwise stated, dep and DL may 
be understood to represent the numerical values of the quantities in- 
volved. 

* Sections 263-268 may be omitted if the instructor wishes to proceed im- 
mediately to the applications of spherical trigonometry. 


N 
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Let all distances be given in nautical miles unless otherwise speci- 
fied. Then, by the definition of a nautical mile, if A and H are 
points on the earth on the same longitude circle, the length of the 
great circle arc AH equals the angular measure of AH in mi,nutes. 
Hence, if we assume that AN in Figure 13 is an arc of the longitude 
circle through A and if DL represents the number of minutes in 
the angular measure of AH, then DL also is the length of AH in 
nautical miles. We shall use DL with either of these meanings. 

Any problem concerning the values of c?, dep, and DL is solved by 
plane trigonometry applied to the right triangle ABH^ as illustrated 
in Figure 13. 

dep = J sin DL = d cos p. (1) 

Example 1 . A ship sails for 3 hours from A at a speed of 35 nautical 
miles per hour (or 35 knots) on course 307® 25'. (i) Find the departure and 

difference in latitude for the final position B. (ii) If the latitude of A is 
27® 38' N’f find the latitude of B. 

Solution. In Figure 13, 7 — 307® 25', d = 105, and P = 52® 35'. 
dep == 105 sin 52® 35' == 83.4 mi. 

DL = 105 cos 52° 35' = 63.8 mi. = 63.8' in angular measure; 
(latitude of B) — (latitude of A) -{- DL 

= 27° 38' + 63.8' = 28° 41.8' (north) 

EXERCISE 10 

By plane sailing, find the departure, the difference in latitude, and the 
latitude of the terminal point B if a ship sails for the specified distance d on 
course y from a point A with the given latitude. 

1. Latitude of A is 30® 38' A; 7 “ 47° 20'; d == 240 miles. 

2 . Latitude of A is 53® 16' A; 7 = 143® 50'; d — IbS miles. 

3. Latitude of A is 15® 38' >8; 7 = 268® 15'; d = 310 miles. 

4. Latitude of A is 38® 47' >8; 7 = 318® 42'; d = 264 miles. 

By plane sailing, find the course, distance traveled from A to B, and latitude 
of B, for the given DL and departure, where their signs have the significance de- 
scribed in Section 263. 

6. Latitude of A is 43® 51' A; DL = + 152 miles; dep = + 268 miles. 

6. Latitude of A is 28® 36' A; DL = — 210 miles; dep = H- 165 miles. 

7. Latitude of A is 16® 43' A; DL = -j- 350 miles; dep = — 240 miles. 

8. Latitude of A is 28° 54' S] DL = + 215 miles; dep =* + 185 miles. 

9. Latitude of A is 17® 39' S’, DL = -- 125 miles; dep = — 254 miles. 
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264. Difference in longitude on a parallel of latitude. In Fig- 
ure 14, A and B are two points of equal latitude, X, on the northern 
hemisphere; G represents Greenwich, 

0 the earth's center, and WVUK the 
plane of the equator. Plane ABHD 
is perpendicular to ON and intersects 
the earth's surface along the parallel 
of latitude through A and B. Me- 
ridians are shown through A, B, and 
G, The longitudes of A and B are 
ZKOV and Z.KOU, respectively. We 
notice that ABBA = A UOV because 
each of these angles measures the angle between the planes TJONB 
and VON A, lienee, the difference of the longitudes of A and B 
is measured by A VOU or, equally well, by A ABB. Therefore, when 
A and B are on the same parallel of latitude ^ the angular measure of 
the shortest arc AB of this small circle is the difference of the longitudes 
of A and B. 

265. Linear equivalent of 1' on a parallel of latitude. In Figure 14, 
where X is the latitude of Z), let r be the radius of the X-latitude 
circle through D and let R be the radius of the earth. Then, we have 
OK =r^R^OD; r = BD; AODH = X. Hence, from right triangle 
ODHj we obtain HD = OD cos A ODH^ or 

r — R cos X. (1) 

Illustration 1. The radius of the 60°-latitude circle is 

r = B cos 60° — 3959 cos 60° — 1980 statute miles. 

On the X-latitude circle throu^ D, in Figure 14, let t be the length 
of an arc subtended by an angle of V at the center B. In a great circle 
on the earth, a central angle of V subtends an arc whose “length is 

1 nautical mile. Plence, since the ratio of arcs subtended by these 
equal central angles equals the ratio of the radii of the circles. 


From (1) and (2) we obtain t == — ^ or 

(1' of arc on X-latitude circle) = cos X nautical miles. (3) 

Illustration 2. From (3), if X == 60°, (1' of arc) = cos 60° miles or J mile. 


N 
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266. Parallel sailing. Suppose that a ship sails due east or west 
from A to B. Then, as in Figure 14, the track of the ship is along 
the parallel of latitude through A and B. Let X be their latitude 
and d be the distance AB measured along the \4atitude circle. Then, 
for the path ABy the difference in latitude is zero and the departure 
is the distance d. The difference of the longitudes of A and B is 
the angular measure of arc AB on the Xdatitude circle. Since the 
length of V of arc on this circle is cos X miles, the angular measure, 
DLo, oi A B in minutes is given by the equation 



DLo = ^ • 

cos X 

' (1) 

Since d — dep in this 

case, from (1) we obtain 


{DLo in minutes) 

DLo^ 

COS X 

(2) 

Or, 

DLo = {dep){sec X). 

(3) 


Example 1. An airplane flies from A: (52° 16' N, 121° 32' W) due west 
for 250 miles to B. Find the latitude and longitude of B. 

Solution, 1. In the data, the latitude of A is given first. The airplane 
does parallel flying; hence, the latitude of B is 52° 16' N. 

2. The departure is 250 miles. From (3), 

BLo = 250 sec 52° 16' = 408.5' {west). (Table XI) 
Hence, the longitude of B is (121° 32' + 408.5') or 128° 20.5' W, 

Example 2. If an airplane flies from A: (36° N, 48° B) to B: (36° N, 
51° E) along the 36°-latitude circle, find the departure. 

Solution. DLo = 3° = 180'. Hence, from (2), 

dep — 180 cos 36° = 145.6 nautical miles. 

267. Middle latitude sailing. The formula of the preceding sec- 
tion relating departure and difference in longitude does not apply if 
a ship follows a track AB which is not all on a parallel of latitude. 
In this case, let La and Lb be the latitudes of A and B and let Lm 
be the average of La and Lb- We shall call Lm the middle latitude 
of the path: 

Lm = ^{La + Lb)o ( 1 ) 

Then, for tracks AB of moderate length, useful results are arrived 
at by the following method. When the following formulas are used, 
we say that navigation is being done by middle latitude sailing. 
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1. If (3 is the acute angle between the track AB and the meridian of 
use plane sailing formulas to relate the DL and depj in Figure 13 : 

dep — d sin /3; DL = d cos j8 (miles or minutes). (2) 

II. Convert the departure to difference in longitude ^ DLo, by acting 
as if the departure occurred on the parallel of latitude midway between 
A and B. That is, use formula (2) of the preceding section with Lm as 
the latitude: 

(DLo in minutes) DLo = ■ ■ • (3) 

cos Z /77 

Example 1 . A ship sails for 105 miles on course. 307° 25' from point 
A: (27° 38' N; 56° 53' W). Find the latitude and longitude of the des- 
tination B by middle latitude sailing. 

Solution. 1 . From right AABH in Figure 13, Section 263, 
dep - 105 sin 52° 35' = 83.4 miles; 

DL = 105 cos 52° 35' = 63.8 miles; 

DL — 63.8' = 1 ° 3.8' in angular measure. 

2. Since A has north latitude and DL is to the north, 

(latitude of B) = 27° 38' + 1 ° 3.8' - 28° 42' A. 

3. The middle latitude is 

L^ - i(27° 38' 4- 28° 42') = 28° 10'. 

Hence, from (3), 

4 

I^I'O - — == 94.6' = 1 ° 34.6' (Logarithms) 
cos 28 10 ' V & / 

Since the departure is to the west and A has west longitude, 

(longitude of B) - 56° 53' H- 1^ 35' = 58° 28'. 

To find the course and distance between ^ 
two given points, we first use (3) to ob- 
tain the departure and then finish the 
solution by the plane sailing method. 

Example 2. An airplane is to fly from the 
point A : (25° 36' N, 110° 56' W) to the point 
B : (28° 14' N, 115° 16' W). Find the course 

and distance by middle latitude sailing. Fig. 15 

Solution. 1 . DL = 2 ° 38' = 158' 158 miles, shown in Figure 15. 

2. Lm f= 26° 55'. DLo 4° 20' = 260' (west). 

3. From formula (3), 

dep = 260 cos 26° 55' = 232 miles. 
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4. In Figure 15, we solve right AABH for /3 and d: 

tan ^ = |||; ;8 = 55° 43'; d = ^ = 281 miles. 

The course is y == 360° — 55° 43' ~ 304° 17'; the distance from ^ to B 
is 281 miles. (Five-place tables were used.) 

268. Dead reckoning. At any instant, the navigator of a ship 
will have information about any ocean current which is present and 
the speed of the ship with respect to the water. Similarly, the 
navigator of an airplane will have information about tlie airspeed 
of the airplane and the wind velocity. With such data, the resultant 
course and groundspeed for any specified compass heading can be 
found by combining velocity vectors. Suppose, then, that the 
navigator determines a course, a distance, or his latitude and longi- 
tude at any instant by plane sailing or middle latitude sailing,* aided 
by the available information about his groundspeed. Such actions 
are referred to as navigation by dead reckoning. For a short journey, 
the errors resulting from such approximate methods may be negli- 
gible. Also, the results of dead reckoning arc sometimes indispensable 
as preliminary data in obtaining accurate results by use of astro- 
nomical methods, which we shall mention later. 

Note 1. Although some of the operations involved in dead reckoning 
have been introduced in this text as trigonometric problems, it should be 
noted that, in practice, the operations frequently can be carried out with 
sufficient accuracy by graphical means. 

EXERCISE 11 

Use middle latitude or parallel sailing in all problems. Obtain angular 
measures to the nearest minute. Signs attached to dep and DL indicate di- 
rections as specified in Section 263. Use five-place tables. 

With the given departure and difference in latitude of B with respect to A, 
find the latitude and longitude of B. The latitude and longitude of A are given 
in parentheses. 

1. A: (23° 15' A, 83° 15' W); dep = 4- 135 mi.; DL = 0. 

2. A: (53° 16' N, 12° 47' F); dep = - 240 mi.; DL - 0. 

3. A: (35° 38' A, 64° 25' W); dep = -j- 240 mi.; DL ^ + 320 miles. 

4. A: (46° 24' A, 78° 43' F); dep - - 180 mi.; DL = + 260 miles. 

6. A: (15° 45' S, 158° 26' E); dep = + 156 mi.; DL - 250 miles. 

6. A: (13° 24' S, 146° 50' W); dep - - 250 mi.; DL ^ - 150 miles. 

* Or, other approximate methods not involving astronomical observations. 



APPLICATIONS OF SPHERICAL TRIANGLES 245 

Find the latitude and longitude of an airplane at the end of If hours if it 
flies from A with the specified course and groundspeed, per hour, 

7. A: (62® 38' N, 126® 40' W)] course 285®; groundspeed = 240 miles. 

8. A: (36® 15' N, 82® 25' E); course 130°; groundspeed = 280 miles. 

9. A: (23® 38' 5, 145®40'.£?); course 85°; groundspeed = 300 miles. 

10. A: (15° 45' 136® 50' E); course 250°; groundspeed = 225 miles. 

Find the course and distance for an airplane flying from the first place to 
the second. 

11. A: (26® 32' N, 52® 15' W); B: (28® 48' A, 54® 26' W), 

12. A: (35® 46' A, 126® 38' W); B: (34® 2' A, 128® 54' IT). 

13. Liverpool (53® 24' N, 3® 4' W); Berlin (52° 32' A, 13® 25' E), 

14. Moscow (55® 45' A, 37® 37' E); Berlin. 

16. Moscow; Paris (48® 50' A, 2® 20' E). 

★16. An airplane is to fly with an airspeed of 300 miles per hour from 
Honolulu (21® 20' A, 157® 50' W) to Midway Island (28® 10' A, 177® 20' W). 
A wind of 50 miles per hour is blowing from 240®. Find the heading which 
the navigator should take and the length of the path. 

Hint. First find the course by middle latitude sailing and then the 
heading by adding vectors. Assume that speeds are in nautical miles. 

269. Great circle sailing. The path of shortest distance between 
two points A and B on the earth^s surface is the arc ABj at most 
180®, of the great circle through A and 
B. This shortest distance is called the 
great circle distance between A and 
B. In great circle sailing from A to B, 
the path or track of the ship (or air- 
plane) is the arc of the great circle 
from Aio B. A fundamental problem 
of navigation is the determination of 
the great circle distance from A to B 
when the latitudes and longitudes of 
the points are known, and the direc- 
tion of the great circle track at any 
point between A and B. 

Illustration 1. In Figure 16, the course of AB at A is about 130®, and is 
called the initial course of the path AB. If D is any point on AB, and 
AD is an arc of the longitude circle through D, the course of AB at D is 
ZNDB. The course changes continually as one goes along AB from 
A to B. 


N 



Fig. 16 
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Many problems of great circle navigation are solved by use of 
the spherical triangle NAB, in Figure 16 . If G represents Green- 
wich, Z.GNA and ZGNB are the longitudes of A and B; A BN A is 
found by subtraction in the proper order as soon as the longitudes 
of A and B are given. In Figure 16 , 

AN = colatitvde of A ; 

BN = 90° + {latitude of B), 

since B is south of the equator. The angular measure of a great 
circle arc AB can be translated into linear distance by recalling that 
1 ' of arc on a great circle is 1 nautical mile in length. 

Example 1 . Find the great circle distance from New York (40° 49' N, 
73° 58' W) to Rio de Janeiro ( 22 ° 54' S; 43° 10 ' W) and the initial course 
of the track. 

Solution. 1 . In Figure 16, let A and B represent the cities and let us 
think of A" as C in the standard triangle of Chapter XVI. Then, in AABN, 
where AANB = 7 , 

7 = 73° 58' - 43° 10 '; b AN 90°- 40° 49'; 
a = ATR = 90° + 22° 64'. 

Or, a == 112° 54'; b = 49° 11'; 7 = 30° 48'. The solution of AABN can 
be obtained by cutting it into two right triangles, by constructing a great 
circle through A perpendicular to BN, as in Exercise 3. Or, the triaixgle 
can be solved by the method * of Case III, Section 255. By use of four- 
place logarithms, we obtain c = AB = 69° 51', a = 149° 50'; and jS 
= ZARV - 24°23'. 

2 . The initial course is 149° 50'. The bearing of New Yoi’k from Rio de 
Janeiro is 335° 37', or 24° 23' west of north. 

3. To find the linear distance AB: 

69° 51' = 4191'; AB — 4191 nautical miles; 

AB = 4191(1.1515) = 4826 statute miles. 

Note 1 . After solving Example 1, for any point D on AB which has a 
specified latitude we could find the longitude of D and also the course, or 
direction of the track at D, by solving the spherical triangle with vertices 
B, N, and D. Or, if the longitude of D were specifiefl we could find its 
latitude. In this way we could compute as many points as desired along 
AB and the directions of the track at these points. 

* If just the great circle distance is desired, a formula of the law of cosines 
for sides (Section 249) is convenient. Also, for this purpose, the haversine modi- 
fication of the law of cosines is convenient if a table of haversines is available. 
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EXERCISE 12 

Find the greed circle distance in nautical miles between the cities and the 
initial course of the great circle track from the first city to the second. Also, 
find the hearing of the second city from the first. Use five-place tables. 

1. New York (40° 49' N, 73° 58' W); Paris (48° 50' N, 2° 20' E). 

2. Los Angeles (34° 3' N, 118° 15' W); Manila (14° 35' N, 120° 59' E). 

3. Los Angeles; Tokyo (35° 39' N, 139° 45' E). 

4. Honolulu (21° 18' N, 157° 52' W); Tokyo. 

6. Seattle (47° 40' N, 122° 19' W); Tokyo. 

6. Manila; Tokyo. 7. Los Angeles; Honolulu. 

8. Gibraltar (36° 6' N, 5° 21' W ) ; Rio de Janeiro (22° 54' S, 43° 10' W). 

9. Sydney (33’ 52' S, 151° 12' E ) ; San Francisco (37° 47' N, 122° 26' W). 

10. Liverpool (53° 24' N, 3° 4' W); Hongkong (22° 18' N, 114° 10' E). 

11. San Francisco; New York. 12. New York; Los Angeles. 

13. Moscow (55°45' A, 37°37'.E7); Paris. 

14. Dakar (14° 40' N, 17° 26' W); Rio de Janeiro. 

16. Moscow; Tokyo. 1*6. Liverpool; Berlin (52° 32' A, 13° 25' A). 

17. Tokyo; Dutch Harbor, Alaska (53° 48' A, 166° 25' TF). 

18. Midway Island (28° 13' A, 177° 23' W); Dutch Harbor. 

19. Minneapolis (44° 59' A, 93° 17' W); Dutch Harbor. 

20. Minneapolis; Moscow. 21. New York; Moscow. 

22. Midway Island; Honolulu. 

Find the difference, in statute miles, between the great circle distance 
and the distance along a parallel of latitude, between the two cities. 

23. New York (40° 50' A, 74°0'F'); Salt Lake City (40° 50' A, 
111° 50' W). 

24. San Diego (32° 40' A, 117° 10' IF) ; Charleston (32° 40' A, 79° 50' W). 

270. The celestial sphere. On observing the sky, we see the 
heavenly bodies as though they were on a sphere with our observa- 
tion point as the center. For our purposes, this celestial sphere may 
be thought of as so large that, by comparison, the earth's radius is 
of negligible length, and hence we may refer to the earth as the center 
of the sphere. The celestial north pole P and south pole P' are the 
points where the earth's axis, extended through the earth's north and 
south poles, respectively, meets the celestial sphere. To any ob- 
server, this sphere appears to rotate from east to west about the axis 
PP', because the earth rotates from west to east about its axis. 
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Note 1. Any great circle referred to will be on the celestial sphere. 

By the 'position of a celestial object, we shall mean the point where 
the line of sight from an observer to the object meets the celestial 
sphere. To discuss the positions of celestial objects, we shall inti'o- 
duce the following astronomical terms, which are illustrated in Fig- 
ure 17. 

1. The celestial equator is the great circle whose poles are P and 
P' and is the intersection of the 
plane of the earth^s equator and 
the celestial sphere. 

2. At any instant, the zenith of 
an observer is the point Z vertically 
above him on the celestial sphere; 
the point Z' diametrically opposite 
to Z is called the nadir. 

3. The horizon of an observer is 
the great circle whose poles are Z 
and Z'. The plane of the horizon 
is tangent to the earth’s surface at 
the observer’s position. 

4. The celestial meridian is the 
great circle through the zenith Z and the north polo P. The inter- 
sections N and S of this meridian and the horizon ai’O called the 
north and south points, respectively, where N is the intersection 
nearest to P. If the observer faces N, the points E and W to his 
right and left on the horizon are called the east and west points, 
respectively. The equator and the horizon intersect at B and W. 

6, The hour circle of a point A on the celestial sphere is the great 
circle through P and A . 

6. The hour angle * of A is the angle ZPA between the meridian 
and the hour circle of A, measured east or west from the meridian 
from 0® to 180°. This hour angle is measured in hours or in degrees, 
where one hour equals 15°. One minute in the hour system is -^th of 
15° or 15' in usual measure; one second in the hour system is 15". In 
this book, to avoid confusion with former notations for angular 
measure, the words minutes and seconds will usually be written and 

* More properly, the local hour angle, as distinguished from the Greenwich 
and sidereal hour angles. 


Z (Zanith) 



Pig. 17 
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not be abbreviated by minute or second signs in dealing with the hour 
system for measuring hour angles. 

Note 1. The hour system of measurement proves useful because the 
celestial sphere rotates through 15° in one sidereal hour, which is about 10" 
less than an ordinary solar hour. 

7. The decimation of A is the -angular distance of A from the 
equator, measured along the hour circle of A. The declination, DA 
in Figure 17, is designated as 'positive or negative according as A is 
north or south of the equator. 

8. The vertical circle of A is the great circle through Z and A. 

9. The altitude of A is the angular distance of A from the .hori- 
zon, measured along the vertical circle of A. The altitude, TA in 
Figure 17, is designated as positive or negative according as A is 
above or below the horizon. 

10. The azimuth of A is the angle NZA between the meridian 
and the vertical circle of A, counted from 0® to 360® east (clockwise) 
from the north point.* In Figure 17, arc NET measures the azimuth 
of A. 

We notice that the altitude, azimuth, and hour angle of A depend 
not only on the position of A on the celestial sphere but also on the 
time of observation and the position of the observer on the earth. The 
declination depends only on the position on the celestial sphere. 

At any instant, the position of point A on the celestial sphere is 
uniquely determined with respect to an observer if the altitude and 
azimuth are known. This means of locating A can be referred to as 
the altitude-azimuth coordinate system. Also, the position of A can 
be described by specifying its hour angle and declination; this means 
for designating the position of A is called the declination-hour-angle 
system of coordinates. f Either system corresponds in its essential 
nature to the latitude-longitude system for indicating positions on 
the earth^s surface. 

* Infrequently, ZSZA, measured clockwise through W, is defined as the 
azimuth. 

t Another coordinate (see texts on astronomy and navigation) called the right 
ascension of A is paired with the declination to give a third system of coordinates 
on the celestial sphere. Tables giving the Greenwich hour angles of celestial ob- 
jects make it unnecessary to use right ascensions in many important types of 
problems. However, the declination- (right-ascension) system of coordinates is 
very important in astronomy and navigation. 
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271. The altitude of the north pole of the celestial sphere is the 
same as the latitude of the observer.* To see this, 
consider the plane section of the earth in the fig- 
ure where 0 is the observer, T is the earth’s north 
pole, and T' is the earth’s south pole. The stu- 
dent should imagine himself standing with his 
feet at 0 and his head in the direction OZ, The 
arrows OZ, OP, and ON point at the zenith, 
north pole, and north point, respectively, on the 
celestial sphere. We verify that 6 is the altitude 
of P. In Figure 18, we notice that ON and OP are perpendicular, 
respectively, to the sides of angle X. Hence 0 = X. But, X is the 
angle whose measure is the latitude of 0. 

272. The astronomical triangle for the point A at any instant is 
the spherical triangle ZPA of Figure 17, where 

ZP = 90° — {altitude of P) = colatitude of 0 ; 

AZ = 90° — {altitude of A) — coaltitude of A ; 

AP — 90° — {declination of A) = codeclination of A ] 

ZZPA = hour angle of A {east or west of meridian) ; 

Z PZA ! ~ ('^f ^ ^(^'^idian) ; 

^ = 360° — azimuth {if A is west of meridian ) . 

Note 1. Problems associated with the astronomical triangle are of fun- 
damental importance in navigation as well as in certain problems which 
arise in astronomy. It should not be assumed, however, that a navigator 
frequently carries out the trigonometric solution of spherical triangles 
as required in the exercises. Excellent existing navigation tables and 
special computing instruments enable him to eliminate many extensive 
computations which would otherwise be involved in the solution of various 
astronomical triangles. 

Note 2. The declination of the sun, certain planets, and 55 prominent 
stars at all times during each year are available in American navigation 
tables. Also, when an observer’s longitude is known, these tables give him 
the {local) hour angle of any one of these celestial bodies at any time. 

For any observer, solar noon is the instant when the sun is on 
arc PZS of the meridian. The local solar time at any moment is speci- 

* In Figure 18, associated remarks, and certain later formulas involving the 
pole P, we assume that the observer is in the northern hemisphere. Similar de- 
tails relating to pole P' would apply for an observer in the southern hemisphere. 
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fied as before or after solar noon. If A, in Figure 17, represents the 
sun, at t hours before noon Z.ZPA == t hours; at t hours after noon, 
A is on the western side of the celestial sphere and again LZPA — 
t hours. 

1. 1 0 find the solar time of an observer, whose latitude is known, 
at an instant when the sun's declination and altitude are given. 

Example 1. Find the solar time in New York (latitude: 40° 50' N) at 
a moment in an afternoon when the sun's declination is 16° 30', if the sun's 
altitude is observed to be 35° 20'. 

Solution. 1. In triangle ZPA, where A is the sun, we know all the sides: 
ZP = 49° 10'; ZA = 54° 40'; AP = 73° 30'. 

2. For temporary convenience, let a — 49° 10'; b = 73° 30'; c = 54° 40'; 
ZZPA =7. By use of four-place logarithms, from either one of (XII) in 
Section 250, or from (IV) in Section 249, we obtain 7 = 57° 14'. 

3. We reduce 57° 14' to the astronomical angular units hours and 

minutes, where one hour = 15°; one minute = 15'. We find that 57° 14' 
is equal to 3 hours and 49 minutes: 7 = 49'. Since the celestial sphere 

turns through 15° in one hour f of time, the observer took his observation 
at 3:49 p.m. 

II. To find the solar time of sunrise (or sunset) in a given latitude 
when the declination of the sun is known. 

Problem TI is a special case of Problem I where the sun’s altitude 
is 0°. Triangle ZPA has ZA ~ 90®, so that the triangle is quadrantal 
and can be solved by the methods of Chapter XV. 

III. To find the latitude of the observer if the altitude, hour angle, 
and declination of a celestial object are known. 

Example 2. At 3:37 p.m. local solar time, when the sun's declination 
is — 16° 12', an observer finds that the sun's altitude is 22° 18'. Find 
his latitude. 

Solution. In triangle ZPA, where A is the sun, ZA = 67° 42'; PA 
= 106° 12'; ZZPA — 3 hours and 37 minutes west; or, ZZPA = 54° 15'. 
On solving the triangle we would obtain ZP; the latitude is (90° — ZP). 

IV. When the observer's latitude and longitude t are given, to find 
the altitude and azimuth of a celestial body whose declination and hour 
angle are known. 

* Should be omitted by students who have not studied Chapter XVI. 

t We disregard the small difference between a solar and a sidereal hour. 

t See Note 2 for the practical necessity of knowing the longitude. In prob- 
lems of type (IV) in this book, the longitude usually will not be given because 
no navigation tables are to be employed. 
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Example 3. At latitude (44° 10' iV', longitude 99° 50' W), at a certain 
instant a star A has declination 22° 57' and hour angle 3 hours, 12 minutes 
east. Find the altitude and azimuth of A. 

Solution, In APZA in Figure 19, 

FZ = 45° 50'; PA = 67° 3'; / ZPA = 48° O'. 

We desire to find the coaltitude ZA and the 
azimuth ZPZA, The solution comes under 
Section 255, or can be accomplished as in the 
following comment. We obtain, finally, 

altitude ^ 45° 32'; azimuth = 102° 20'. (1) 



Fig. 19 


Comment, In the well-known Ageton method for solving APZA in 
navigation, the solution in Example 3 is obtained by first passing a great 
circle through the star A perpendicular to PZ. This gives right triangles 
PAD and ZAD, in Figure 19, whose solution in succession gives (1). In 
this method, a suitable sequence of formulas, in the order used, as obtained 


by Napier's rules and geometry are as follows; 

From APDA to find R: sin ~ sin PA sin ZZPA, (2) 

Prom APDA to find PD: cos PA = cos R cos PD. (3) 

From A DZA, with h ~ PD — PZj cos ZA = cos h cos R. (4) 

From ADZ A, to find ADZ A: sin R = sin A DZA • sin ZA. (5) 

From the figure: APZA = 180° - A DZA. (6) 


In navigation, (2) to (5) are expressed entirely in terms of secants and 
cosecants of the declination, altitude, hour angle, the complement of RD, 
the azimuth, and R, to facilitate the use of associated tables which give a 
convenient multiple of the logarithms of secants and cosecants. 


EXERCISE 13 

1. * Find the solar time in Chicago (latitude: 41° 50' N) at a moment 
in a morning when the sun's declination is 14° 16' if the sun's altitude is 
observed to be 38° 14'. 

2. * Find the solar time in Washington, D.C. (latitude: 38° 55' N) at 
a moment in an afternoon when the sun's declination is 18° 20' if the sun's 
altitude is observed to be 49° 36'. 

3. Find the Chicago time of sunrise on the morning of Problem 1, and 
the bearing of the sun at sunrise. 

4. Find the Washington time of sunset on the afternoon of Problem 2, 
and the bearing of the sun at sunset. 

* These problems should be omitted by students who have not studied Chap- 
ter XVI. 
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Note. The sun's declination is 23° 27' on the longest day of the year 
and — 23° 27' on the shortest day of the year, for the northern hemisphere 
of the earth. We shall assume that all problems refer to observers in this 
hemisphere. To find the length of one of these days, we find the solar time 
at sunrise on that day. 

Find the lengths of the longest and the shortest days in each city and the hearing 
of the sun at sunrise on each of these days. 

6. Fairbanks, Alaska (latitude: 64° 51' N). 

6. New Orleans (29° 57' N). 

7. At 9:28 a.m., local solar time, an observer finds that the sun's 
altitude is 37° 26', on a day when the sun's declination is 6° 20'. Find the 
observer's latitude. 

8. At 2:36 p.m., local solar time, an observer finds that the sun's 
altitude is 47° 32', when the sun's declination is — 3° 16'. Find the ob- 
server's latitude. 

9. At a moment when the sun's ‘declination is 11° 16', an observer 
finds that the sun's azimuth is 311° 26' and its altitude is 38° 22'. Find 
the observer's latitude. 

10. At 9:46 a.m., local solar time in Chicago (latitude: 41° 50' A), 
the sun's altitude is observed to be 19° 20', Find the sun's declination then. 

Find the altitude and azimuth of a star A as observed from a point D whose 
latitude is X at an instant of time when d is the declination and H is the local 
hour angle of A. 

11. X = 53° 20' N; d — 28° 35'; H ^ 2 hours, 17 minutes, east. 

12. X = 35° 16' N; d ~ 48° 17'; H ^ Z hours, 25 minutes, east. 

13. X « 22° 25' N; d — 76° 25'; JT = 4 hours, 40 minutes, west. 

14. X * 17° 40' N; d = - 12° 50'; H = 4 hours, 22 minutes, west. 

16. X = 35° 26' S; d — — 25° 30'; H = 2 hours, 10 minutes, east. 

273. Remarks on celestial navigation.* When astronomical ob- 
servations and related computations are used in navigating a ship 
(or airplane), we say that celestial navigation is being employed. 
Two important duties of the navigator are (1) to determine the lati- 
tude and longitude of his position frequently and then (2) to re- 
direct the course of the ship if necessary. Action (2) can be 
performed very simply after action (1) has been carried out. In a 
certain important method for finding the position of a ship at a 
given instant, Case IV of Section 272 is an essential feature. Before 

* This section is merely descriptive; it is designed to show the practical 
significance of some of the problems in the preceding exercise. 
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outlining this method let us consider the following geometrical 
background. 

First let us recall a property of latitude circles. If the star Polaris 
is assumed to be exactly * at the north pole P of the celestial sphere, 
a direction line from the earth^s center 0 to Polaris pierces the sur- 
face exactly at the earth's north pole N] an observer there would 
see Polaris at the zenith. Now suppose that the observer is at some 
other point D and finds that the altitude of Polaris is X. Then he 
knows, from Section 271, that Z) is on a certain parallel of latitude 
which has iV as a pole, and that the angular measure of the great 
circle distance DN is (90° — X) ; if (90° — X) is expressed in minutes 
then D is (90° — X) miles from N. 

Now consider any star A. At a specified instant of time t, a di- 
rection line from the center of the earth to A pierces the surface at 
some point j A'. Then, just as there are latitude circles related to 
Polaris, there are small circles, which we shall call position circles, 
related to A. If an observer at D on the earth finds that the alti- 
tude of A is 5, then D lies on a position circle Ca with A/ as a 'pole 
and the angular measure of the great circle distance DA ' is (90° — 5) . 

Suppose, now, that an observer is at D at some instant of time t and 
desii’es to find his latitude and longitude, but knows merely the 

general region in which D is located. 
If he observes the altitude of a certain 
star A to be dA, then D must be on a 
position circle Cyi at a great circle 
angular distance (90° — 8a) from A', 
If he also observes the altitude of a 
second star B to be Sb, then D must 
be on a second position circle Cb at 
the distance (90° — 5;^) from a cor- 
responding point B'. If a si)here were 
available on which he could plot A' 
and B^ and draw Ca and Cbj as in 
Figure 20, he could now locate D 
graphically. For, D is that one of the two points of intersection of 
Ca and Cb which lies in the general region where the observer knows 
that he is located. (Usually, the other point of intersection of Ca 

* Actually, the great circle distance from Polaris to P is about 1°. 

t Due to the rotation of the earth, the location of the sub-astral point A 
changes as t changes. 
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and Cb would be an obviously impossible location for D.) Thus, 
observation of the altitudes of two stars determines the position of D. 

The use of circles Ca and Cb on a sphere would be impractical for 
actual navigation, unless elaborate apparatus were available, but a 
very useful method of position finding is based on the preceding 
notions. The method involves the construction, on a chart, of 
straight line approximations to small arcs of Ca and Cb intersecting 
at D, The typical sequence of actions which the navigator takes in 
this method are as follows, where it is assumed that he knew his 
position at some previous time and desires to find his latitude and 
longitude noWj at time h. 

1. From knowledge of the position at time ti, the course on which 
the ship was then headed, and any other information, the navigator 
makes an assumption as to the position of the ship at the present 
time t 2 . Let the assumed * position D' have latitude X and longitude 
<j6. Let the actual position be D. 

2. With a sextant, he measures the altitudes 5 a and 5^ of two 
stars A. and i?, respectively. 

3. Fi'om his tables he reads the declination and hour angle which 
A woxild have at time t 2 if the ship were at D'. Then, he solves f a 
problem of Type IV of Section 272 to ob- 
tain the altitude 5' a and azimuth O'a which 
A would have at time t 2 if the ship were 
at D\ 

4. On his chart, as in Figure 21, the navi- 
gator constructs straight line D'F at azi- 
muth 6'a’ D'F is a chart approximation 
to a piece of an arc like DA' in Figure 20 and 
is assximed to be directed at A'. Suppose 
that 8' A < 5a; then D is closer than D' to A' because the observed 
altitude of A increases if we approach J A' on the earth. If DA' 
and D'A' are the great circle distances, in angular measure, from D 
and D' to A', then 

DA' = 90° - 5a; D'A' = 90° ~ 5'a; D'A' - DA' ^8a~ S' a. 

If (5 a — 5'a) is measured in minutes, it is the value of (D'A' — DA') 

* D' is frequently taken as a convenient point near the position estinaated 
by naethods of dead reckoning but this is not necessarily the case. 

t In practice, he may be able to read the results directly from tables. 

f The altitude of A is 90° as seen from A'. 


N 
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in nautical miles. Hence, the position circle on which D lies, 
cuts D'F at a point H where D'H = (Sa - <5'^) nautical miles in 
the direction of A'. The navigator locates H by measurement on the 
chart and draws a line segment I a perpendicular * to as an ap- 
proximation to an arc of Ca- We call I a a position line; if D is 
reasonably close to D', no appreciable error is made if it is assumed 
that D is on Ia^ If 5 a < 5 'a, then I a would be drawn perpendicular 
to D^F at a point H in the direction away from A' so that we would 
have D'li = (5'a — 5a) nautical miles. Line Ia is called a Sumner line. 

6. Steps (3) and (4) are repeated for star B and the navigator 
obtains a second position line Ib on which D lies, approximately. 
Then, D is located as the intersection of I a and Zb, as in Figure 21. 
The process of locating D is called making a fix. 

* An arc of Ca near to H is approximated closely by the tangent to Ca at 
H, and this tangent is perpendicular to the direction of D'F. 



ANSWERS TO EXERCISES 

PART 11. SOLID GEOMETRY 


Page 162 


1. (a) Yes. (6) Yes. 3. It cuts through the surface. 

6. (a) Yes. (6) Yes. 7. All lie on the plane. 

9. (a) Yes. (6) An infinite number of planes can contain 2 points in space: 
11. No. 


Page 163 

1. Because 3 points determine a plane. 

3. No ; they may be skew lines. 6, In one point. 


Page 164 

3. (a) Yes. (6) Yes. 6. (b) One and only one. 

7. (a) Yes. (b) No. (c) One and only one line passing through a point outside 
a plane can be -L to the plane. 


8. Equal. 


Page 167 
Page 168 


1. (6) Yes. 3. (h) Two planes with no points in common are parallel. 

6. (6) Parallel lines. 7. It is parallel to the plane. 

9- (b) AB is parallel to plane RS. 11. An infinite number. 


Page 162 

1. They are parallel to the given line. 3. The intersections are parallel Imes. 

Page 167 

1. (a) Yes. (b) No. 

Page 169 

1. (a) 8.66 in. (b) 7.07 in. (c) 5.0 in. 

3. (a) 6.428 in. (b) 9.642 in. (c) 12.856 in. 

5. 19.15 in. 7. Its projection is a point. 16. Yes, or a straight line. 

Page 170 

1. AB II CD. 3. AB II CD. 6. RS i| MN. 7. X is in plane MN. 
9. (a) XY IplmeRS. (b) XY lies in MX. (c) /X 72^ is the plane angle of 
the dihedral angle formed by MX and RS. It is a right angle. 

257 
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11. £XOZ < 100-"; ZXOZ > 20° 13. X is in plane RS. 

16. AB ± plane RS. 17. AC X plane XY. 19. AB 1| CD. 

21. AB J_ plane XYZ. 23. Planes ABX and CDY are perpendicular to AfN. 

26. The intersec tioiiis of MN and PQ with the dihedral angle will be equal angles. 

Page 173 

1. (a) 62.8 in. (6) 15.7 in, 3. 10.47 in. 

Page 174 

1. 5.2 in. 3. 6.3 in. 5. 18.8 in. 

Page 176 

1. A line or plane tangent to a sphere is perpendicular to the radius of the 
sphere drawn to the point of tangency. 3. (a) An infinite number. 

Page 176 

1. (a) 60°. (6) 90°. 

Page 178 

6. 2 hr. 7. 480 naut. mi. 9. (h) 21 ,600 cos L naut. mi. 

11. (a) Midnight. (6) 10,800 naut. mi. 

Page 179 

1. Less than 62.8 in. 3. (a) (6) f. (c) |. 

Page 181 

1. 103°; 57°; 85°. 3. Equiangular. 

Page 182 

3. (a) 90°. (6) 60°. (c) 210°. 

6. (a) Two are right angles; the third is an acute angle. 

(6) Two are right angles; the third is an obtuse angle. 

7. (a) The opposite vertex. (6) Have the same meastire (90°). 

(c) 5400 naut. mi. (d) 98.9 in. 

Page 189 

1. 314 sq. in. 3. 628 sq. in. 6. 7. 201,000,000 sq. mi. 

9. ^ the surface of the earth. 11. 2.09r2. 

Page 194 

1. (a) No. (6) Yes. (c) No. 3. 45°. 

6. No; the parallel of latitude is not a great circle, 7. 1256 sq. in. 

9. (a) 157 sq. in. (6) 471 sq. in. (c) 216 sq. in. (d) 157 sq. in. 

11. (a) Three equal face angles. (6) Two equal face angles. 

(c) Three equal dihedral angles, (d) Two equal dihedral angles. 

13. 1.8 times it, ‘16. (a) (jb) ff. 17. 50,240,000 sq. mi. 
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Page 196 

(a) 27.75 sq. ft. (b) 340 sq. cm. (c) 38.125 sq. ft. (d) 7 sq. yd. 

(a) 89.25 sq. cm. (b) 8.95 in. (c) 11.5 ft. 6. A rectangle. 

Page 197 

420 lb. 3. 33i cu. yd. 6. 967.7 lb., or 968 lb. 7. 840 lb. 

(a) Multiplied by 4. (b) Multiplied by 8. 

Page 198 

(a) 288 cu. in. (6) 70.146 cu. in., or 70.1 cu. in. 

(c) 748.224 cu. in., or 748 cu. in. 


Page 199 

33| cu. yd. 3 . 333J cu. yd. 

(a) 3§cu. ft. (b) 605 1b.; 2038| lb. 


324 sq. in. 


Page 201 

3 . (a) 2.5 sq. in. (b) 4t sq. in. (c) 15f sq. in. 


Page 203 


240 cu. in. 

(6) 15.716 in. 

(/) 212.2 sq. in. 

3 . 1818.6 cu. in. 


3 . One sixth of the cube. 

(c) 282.9 sq. in. (d) 14.832 in. (e) 462.4 cu. in. 

Page 204 

5. (a) iB. (b) 


1 . 187.5 sq. in. 

6. 27,5 sq. ft., or 28 sq. ft. 


3. 5298.75 gal., or 5300 gal. 
9. 8.52 in. 


Page 206 

3 . {a) 7.5 in. (5) 12.5 in. (c) 140.625 sq. in. 
7 . (a) 4 sq. ft. (6) 9 sq. ft. (c) 16 sq. ft. 

Page 207 

6 . 57.7 cu. in. 7 . 76.4 sq. ft, 

11. 1154 sq. ft. 


Page 209 

1 . 261.2 cu. in. 3 . 12.6 cu. in. 

6 . (a) 10 in. (6) 157 sq. in. (c) 226.6 cu. in., or 227 cu. in. 


1 . 4186t cu. in. 


Page 210 

3. 31,400 gal. 


Page 211 

1 . (a) 7.5 sq. in. (6) 120 cu. in. (c) 16 cu. in. (d) 105 cu. in. 

8. Volume, 201 cu. in.; lateral area, 159 sq. in. 

6 . (a) 916,2 sq. in., or 916 sq. in. (6) 1641.2 cu. in., or 1641 cu. in; 

7 . 439.6 sq. in. 3 . They are equal. 




ANSWERS TO EXERCISES 

PART III. SPHERICAL TRIGONOMETRY 


Note. Ilesults computed by use of four-place logarithms are given in heavy 
black type when both four-place and five-place answers are listed. Also, in most 
of the examples involving computation, answers will be given for both odd- and 
even-numbered problems. Slight variations from the listed answers may be 
expected in some problems involving computation because of permissible varia- 
tions in the formulas employed. 


3. cos /3 « cot c tan a. 
7. cos a « sin cos a. 
11. sin a =* tan h cot /3. 


Exercise 1. Page 219 

5. cos c = cos a cos 
9. cos a = cot c tan 6. 


1. 6 = 60® 3'; 50® 3.0': 

2. a « 67® 9'; 57° 9.6': 

8. a « 68® 6'; 58® 4.1': 

4. a -32® 11'; 32® 11.0' 

6. c - 86° 37'; 85® 37.1' 

6. c » 86®!'; 85® 1.0': 

7. a « 37® 46'; 37° 46.0' 
Or, a » 142® 16'; 142® 15.0' 

8. 5 « 143® 8'; 143® 7.9' 
Or, h ^ 86® 62'; 36® 52.1 

9. c - 99® 38'; 99® 38.4' 

10. c « 106® 64'; 106® 54.1' 

11. a -47® 31'; 47® 32.0' 

12. a - 122° 18'; 122® 17.8' 

13. No solution. 

16. 6 - 119® 49'; 119® 49.0' 

16. No solution. 

17. a « 122° 28'; 122® 27.2' 

18. a ^ 109° 64'; 109® 53.8' 

19. h - 14® 8'; 14® 7.8': 

Or, h - 166° 62'; 165® 52.2' 


Exercise 2. Page 222 
a = 62® 61'; 52® 50.9': 
a - 60® 17'; 60® 17.0': 
h - 81® 47'; 81® 47.2': 

6 - 60® 40'; 60®39.6': 
a -86® 32'; 85® 32.3': 
a = 61® 60'; 61® 50.1': 
c - 61® 38'; 51° 36.9': 

: c = 128® 22'; 128® 23.1 
c - 126® 30'; 125® 29.7 
c - 64® 30'; 54® 30.3': 
a = 62® 69'; 62® 58.7': 
a: = 101® 20'; 101® 20.3 
h = 104® 19'; 104® 19.4 
h = 67® 18'; 67° 18.4': 

14. No solution, 
c = 72® 23'; 72® 22.8': a : 

h = 163® 30'; 163° 28.8': c ^ 
c = 97® 27'; 97® 27.4': /3 = 

c « 113® 32'; 113® 33.0': ^ ■■ 
c = 66® 28'; 66® 27.0': jS = 
261 


P = 59® 13'; 59® 13.0': 

0 : 66® 6'; 66® 4.7'. 

I3 =83®!'; 83® 1.0'. 
a : 36® 60'; 35° 49.6'. 

^ = 46® 36' 45® 36.2'. 
jS =80® 47 80® 47.1'. 
a : 61® 22' 51° 21.4'. 
a : 128® 38'; 128® 38.6'. 

: 132® 32'; 132® 31.8'. 
/J :47°28'; 47® 28.2'. 

/d = = 108® 10'; 108® 10.7'. 
/J = :69®4'; 59® 4.2'. 
c = =99® 37'; 99° 36.9'. 
c = = 101® 64'; 101° 53.8'. 

= 123° 39'; 123° 39.3'. 

= 69® 2'; 59° 2.4'. 

= 68® 48'; 68® 48.0'. . 
= 16® 27'; 15® 26.7'. 

= 164° 33'; 164® 33.3'. 
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20. a 22° 14'; 22° 14.3': c = 123° 11'; 123° 10.1': o; - 26° 62'; 26° 52,S': 
Or, a == 167° 46'; 157° 45,7': c - 66° 49'; 56° 49.9': a = 163° 8'; 153°7.2'. 

21. c :== 90°; O' = 36°; /3 = 90°. 22. b == 90°; c = 90°; a = 90°. 

23. No solution. 24. No solution. 

26. a = 56° 46.8'; b = 44° 12.8'; c = 66° 52.8'. 

26. b = 69° 24.9'; a = 37° 30.2'; = 77° 38.4'. 

27. b = 25° 58.0'; c = 139° 7.6'; I3 * 41° 59.8': or, 6 = 154° 2.0'; c « 40° 52.4'; 

- 138° 0.2'. 

28. a = 172° 0.3'; c = 24° 4.3'; a: = 160° 3.8': or,a = 7° 59.7'; c * 155° 55.7'; 
a == 19° 56.2', 

29. a - 27° 33.3'; h = 134° 37.7'; /3 - 114° 32.6'. 

30. a - 145° 41.3'; c - 131° 26.2'; ^ - 52° 57.4'. 

31. a — c — 90°; h — (3. ZZ. a — a 90° and b = or 

b = = 90° and a ^ a. 

36. =: a = c - 90°. 

Exercise 3. Page 223 


1. a == jS - 60° 26'; 60° 25.5': y = 147° 40'; 147° 40.6'. 

2. a =* 109° 24'; 109° 24.2': jS = -y == 62° 23'; 62° 23.5'. 

3. a = 72° 18'; 72° 18.2': = y = 67° 12'; 57° 12.6'. 

4. a = b = 63° 22'; 53° 22.7': c == 83° 34'; 83° 36.2'. 


6. a =» 48° 48'; 48° 47.6': 

6. a: =* 12°43';12°41.7': 

7. a = 119° 62'; 119° 52.0': 

8. c = 142°23';142°23.2': 

9. a = b == 70° 18.8'; 

10. c = 145° 1.3'; 

11. a « 104° 18'; 104° 17.2': 

12. b = 66° 7'; 65° 7.7': 

13. 5 = 68° 31'; 58° 31.5': 

14. b 96° 60'; 96° 49.3': 


b « 37° 32': 

P « 24° 13'; 24° 12.6': 
c === 126° 60'; 126° 50.7' 
= 149° 34'; 149° 33.7': 
7 = 102° 13.4'. 

/3 ^ 40° 35.7'; 

13 = 47° 46'; 47° 46.1'; 
o: = 139° 12'; 139° 11.3': 
a: = 18° 13'; 18° 13.8': 
c * 28° 64'; 28° 54.9': 


a ^ 86° 22'; 85° 22.6'. 

7 * 162° 61'; .152° 50.6'. 
^ «= 116° 29'; 115° 29.3'. 
7 == 168° 41'; 158° 40.7'. 

155° 31.3'. 

7 129° 18'; 129° 18.4'. 

7 = 26° 69'; 26° 59.5'. 

7 = 114° 21'; 11 4° 20.3'. 
a: « 132° 21'; 132° 20.6'. 


Exercise 6. Page 231 


1. a - 45° 16'; 45° 14.8': p = 68° 24'; 58° 23.6': 

2. a * 70° 32'; 70° 31.4': /3 = 47° 20'; 47° 19.2': 

3. Cl « 124° 60'; 124° 49.0': b ==73° 26'; 73° 25.4': 

4. a * 70° 66'; 70° 56.8': b =* 76° 14'; 76° 14.0': 

6. a =* 72° 46'; 72° 45.8': = 37° 16'; 37° 16.4': 

6. a == 116° 36'; n5°34.4': b = 66° 2'; 56°2.0': 

7. a == 107° 64'; 107° 53.4': b =68° 4'; 68° 4.2': 

8. a: = 147° 34'; 147° 35.2': jS = 107° 26'; 107° 26.2': 

9. a: = 48° 35.0'; /3 = 68° 36.8'; y = 99° 8.2'. 


7 : 94° 62'; 94° 52.6'. 

7 = 88° 4'; 88° 4.4'. 
c : 94° 38'; 94° 37.4'. 
c i » 66° O'; 66° 0.2'. 

7 ^ : 106° 16'; 105° 15.6'; 
c ^ : 96° 62'; 96° 50.8', 
c = : 64° 10'; 64° 9.0'. 

7 = 121° 24'; 121° 23.6'. 
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10. a = 129° 32.2'; b = 103° 7.0'; c = 70° 40.0'. 

11. a = 137° 50.8'; b = 80° 58.0'; c = 90° 62.2'. 

12. a = 43° 40.4'; /3 = 118° 26.4'; y = 66° 8.2'. 

Exercise 6. Page 233 

1. c =78° 46'; 78° 45.4': a = 106°36'; 105°36.0': =44°0'; 40°0.0'. 

2. c = 68° 20'; 68° 18.4': a = 67° 54'; 57° 54.3': = 22° 6'; 22° 5.1'. 

3. a = 68° 49'; 58° 49.2': 6 = 34° 47'; 34° 46.4': = 36° 22'; 36° 22.6'. 

4. a = 96° 26'; 96° 25.5': b = 43° 24'; 43° 23.7': = 69° 36'; 69° 36.2'. 

6. a = 108° 10'; 108° 9.8': j3 = 123° 69'; 123° 58.7': = 72° 43'; 72° 42.7'. 

6. a = 123° 31'; 123° 30.7' c = 84° 47'; 84° 47.7': = 126° 4'; 125° 2.0'. 

7. b = 61° 26'; 51° 24.6': c = 91° 61'; 91° 51.8': = 63° 16'; 53° 18.8'. 

8. b = 74° 22'; 74° 23.8': a = 67° 36'; 57° 35.8': = 116° 8'; 315° 7.4'. 

9. b = 72° 24.0'; a = 129° 14.7'; y = 68° 35.5'. 

10. a = 103° 40.8'; c = 68° 32.2'; /3 = 45° 15.8'. 

11. b = 85° 20.3'; c = 142° 43.3'; a = 107° 31.4'. 

12. a = 108° 64.8'; /3 = 103° 0.7'; 138° 47.3'. 

Exercise 7. Page 235 

1. Two. 3. None. 6. None. 7. None. 

9. c = 21° 46'; 21° 43.6': ex = 116° 68'; 115° 59.2': y ^ 26° 66'; 26° 54.4'. 

Or, c = 64° 60'; 54° 49.8': a = 64° 2'; 64° 0.8': y ■■ 87° 66'; 87° 54.0'. 

10. a = 62° 34'; 62° 33.4': a = 97° 2'; 97° 2.2': R ^ 68° 2'; 58° 2.1'. 

Or, a = 18° 26'; 18° 25.4': a = 20° 42'; 20° 42.0': jS 121° 68'; 121° 57.9'. 

11. a = 42° 48'; 42° 49.0': a = 41° 48'; 41° 48.4': /3 38° 20'; 38° 20.5'. 

12. c = 46° 14'; 46° 15.0': a = 46° 38'; 45° 36.9': y 39° 68'; 39° 57.6'. 

13. No solution. 

14. b = 162° 60'; 152° 50.4': c = 166° 41'; 156° 40.8': /3 = 136° 22'; 136° 21.2'. 

16. No solution. 16. No solution. 

17. c = 24°28'; 24°28.8': /3 = 148° 18'; 148° 17.8': y = 26° 60'; 26° 50.4'. 

18. a = 60° 67'; 50° 55.9': b = 164° 46'; 164° 46.6': /3 = 163° 14'; 163° 14.4'. 

Or, a = 129°3'; 129° 4.1': b = 66°8'; 66°0.8': jS = 96°32'; 95°26.0'. 

19. a = 138° 21.2'; <x = 137° 58.8'; = 78° 41.0'. 

Or, a = 97° 0.8'; a = 91° 5.2'; /3 = 101° 19.0'. 

20. b = 44° 52.5'; c = 144° 49.8'; y = 139° 41.8'. 

21. a = 118° 25.8'; c = 124° 57.2'; a = 104° 1.2'. 

Exercise 8. Page 236 

1.780 • 10‘ sq. ft. 2. 8203 sq. ft. 3. 1.264 - 10^ sq. ft. 4. 8610 sq. ft. 
Exercise 9. Page 236 

b = 110° 36'; 110° 35.8': a = 129° 68'; 129° 57.2': y = 92° 32'; 92° 31.2'. 
ex = 67° 64'; 57° 56.0': /3 = 123° 28'; 123° 27.0': y = 32° 68'; 32° 59.4'. 
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3. a == 106° 60'; 106° 48.4': 

4. 6 « 76° 28'; 76° 26.0': 

6. No solution. 

6. O' « 113° 66'; 113° 56.4': 

7. a - 166° 2'; 155° 4.8': 

8 . a = 66° 66'; 55° 54.9': 

9. 5 - 68° 61'; 58° 51.2': 
Or, b - 121° 9'; 121° 8.8': 
10. b = 113° 2'; 113° 2.2': 


« 63° 26'; 63° 26.2': c 
=== 121° 14'; 121° 15.0': /5 

- 86° 2'; 85° 2.4': y 

- 149° 11'; 149° 11.6': ce 

= 98° 21'; 98° 20.9': /? 

- 139° 16'; 139° 16.2': y 
= 60° 26'; 60° 22.4': y 

- 124° 6'; 124° 3.6': y 


73° 26'; 73° 24.0': 

: 64° 16'; 64° 13.8'. 

= 104° 40'; 104° 41.4': 
= 149° 44'; 14,9° 46.0'. 
= 66° 6'; 55° 7.0'. 

= 132° 10'; 132° 8.6'. 

> 81° 6'; 81° 3.6'. 

71° 29'; 71° 28.0'. 


Exercise 10. Page 240 

1 . Hep = + 176 mi.; OL - + 163'; lat. « 33° 21' AT. 

2. Dep - + 93 mi.; DL ^ - 128'; lat. « 51° 8' N. 

3. Lep « - 310 mi.; DL - 9'; lat. - 15° 47' 

4. Dep - - 174 mi.; DL « + 198'; lat. == 36° 29' S: 

6. Course = 60° 26'; d - 308 mi.; lat. « 46° 23' N. 

6. Course = 141° 51'; d = 267 mi.; lat. == 25° 6' N, 

7. Course « 325° 34'; = 424 mi.; lat. = 22° 33' TV. 

8 . Course « 40° 43'; d = 284 mi.; lat. « 25° 19' >8. 

9. Course « 243° 48'; d ~ 283 mi.; lat. » 19°44'/S. 

Exercise 11. Page 244 

1 . (23° 15' TV, 80° 48' W). ' 2 . (53° 16' iV, 6° 6' E)z 

3. (40° 58' TV, 59° 19' W). 4. (50° 44' TV, 74° 11' HJ), 

6. (19° 55' S, 161° 10' JS). 6. (15° 54' S, 151° 8' W), 

7. (64° 11' TV, 139° 37' W). 8. (31° 45' TV, 88° 53' M). 

9, (22° 59' S, 151° 48' E). 10. (17° 40' S, 131° 19' E), 

11 . Course « 319° 22'; d « 179 mi. 12 . Course = 227° O'; a « 153 mi. 

13. Course « 94° 59'; d « 598 mi. 14. Course « 267° 11'; a « 870 mi. 

16. Course =* 252° 12'; d « 1357 mi. 

16. Course « 290° 50'; d == 1130* mi,; heading « 283° 20'. 


Exercise 12. Page 247 

Note. The distance, initial course, and bearing of the first city from the 
second are given in that order. 

1. 3144 mi,; 53° 49'; 291° 53'. 2. 6337 mi.; 300° 18'; 47° 40'. 

5. 4755 mi.; 306° O'; 55° 35'. 4. 3346 mi.; 299° 26'; 87° O'. 

6. 4151 mi.; 300° 34'; 45° 32'. 6. 1617 mi.; 35° 13'; 223° 23'. 

7. 2223 mi.; 260° 22'; 61° 15'. 8. 4139 mi.; 217° 14'; 32° 3'. 

9. 6447 mi.; 55° 46'; 240° 18'. 10. 5226 mi.; 55° 29'; 327° 67'. 

11. 2229 mi.; 69° 44'; 281° 34'. 12. 2125 mi.; 273° 34'; 65° 44'. 
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13. 1343 mi.; 266= 55'; 58=37'. 14- 2714 mi.; 214=17'; 36=16'. 

16. 4039 mi.; 59° 26'; 323= 23'. 16. 597 mi.; 88= 22'; 281= 33 . 

17. 2466 mi.; 46=30'; 266= 16'. 18. 1619 mi.; 

19 2774 mi.; 308= 30'; 69=35'. 20. 4267 mi.; 26=43'; 325 36^ 

21. 4047 mi.; 34=31'; 310= 21'. 22. 1125 mi.; 106=39'; 294 47. 

23. Great circle distance is 16 miles shorter. 

24:. Great circle distance is 12 miles shorter. 

Exercise 13. Page 262 

1.8:36 a.m. 2.2:41p.m. oqqo kv 

з. 5:07 A.M.; bearing = 70= 41'. 4. 7:02 p.m.; bearmg = 293 51 . 

6. Longest, 21 hr. and 0 min.; bearing “ 20° 33'- 
Shortest, 3 hr. and 0 mm.; bearing - 159 27 . 

6. Longest, 13 hr. and 56 min. ; bearing = 62= 40'. 

и. m . M- 48-; . 4 , - 58- «. 

13. Alt. » 26° 25'; az. = 345° 44 . Alt. > 

16 . Alt. = 60=26'; az. = 79=25'. 
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Altitude of a star, 249 
Angle, 

dihedral, 163 
of a lime, 188 
Area, 

of a lime, 188 
of a sphere, 187 
of a spherical triangle, 236 
of a 5!0ne, 187 

Area, lateral; see Lateral area 
Astronomical definitions, 247 
Astronomical triangle, 250 
Axis of a circle of a sphere, 172 
Azimuth in astronomy, 249 

Bearing, 239 

Cavalierly's Theorem, 198 
Celestial meridian, 248 
Celestial navigation, 253 
Celestial sphere, 247 
Collinear points, 153 
Cone, 208 
frustum of a, 208 
pyramid inscribed in a, 208 
right circular, 208 
Congruent polyhedral angles, 166 
Congruent spherical triangles, 183 
Conical surface, 208 
Co-planar points, 153 
Cosine of half an angle in a spherical 
triangle, 227 

Course in navigation, 239 
Cylinder, 206 
prism inscribed in a, 206 
right circular, 206 
Cylindrical surface, 206 

Dead reckoning navigation, 244 
Declination of a star, 249 
Delambreys analogies, 228 
Departure of a track in navigation, 242 
Difference in longitude, 239 
Dihedral angle, 163 
measure of a, 163 

267 


Directrix, 

of a conical surface, 208 
of a cylindrical surface, 206 
Distance, 

between two parallel planes, 162 
from a point to a plane, 157 
shortest, on a sphere, 173 

Frustum, 
of a cone, 208 
of a pyramid, 200 

Gauss's formulas, 228 
Generatrix, 

of a conical surface, 208 
of a cylindrical surface, 206 
Gnomonic chart, 192 
Great circle distance, 245 
Great circle sailing, 245 

Half-angle formulas for a spherical 
triangle, 226 

Half-side formulas for a spherical tri- 
angle, 227 

Haversine of an angle, 230 
Hour angle of a star, 248 

Lateral area, 
of a cone, 209 
of a cylinder, 209 
of a frustum of a cone, 206 
of a frustum of a pyramid, 201 
of a prism, 196 

Latitude on the earth, 177, 237 
difference in, 239 
parallel of, 177, 241 
Law of cosines for a spherical triangle, 
225 

Law of sines for a spherical triangle, 
224 
Line, 

parallel to a plane, 158 
perpendicular to a plane, 154 
Longitude, 177, 238 
difference in, 239 
Lune, 188 
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Measure of a dihedral angle, 163 
Measure of a spherical angle, 176 
Mercator chart, 190 
Meridian, 177, 237, 248 

Napier's analogies, 229 
Napier’s rules, 218 
Nautical miles, 178, 238 
Navigation, 

by great circle sailing, 245 
by middle latitude sailing, 242 
by plane sailing, 239 

Oblique spherical triangles, 224 
analysis of solution of, 229 
area of, 236 

solution of, by right spherical tri- 
angles, 223 

Parallel of latitude, 177, 237 
Parallel line and plane, 158 
Parallel planes, 158 
Parallel sailing, 242 
Parallelepiped, 196 
rectangular, 196 

Perpendicular line and plane, 154 
Perpendicular planes, 163 
Plane, 

parallel to a plane, 158 
perpendicular to a line, 154 
perpendicular to a plane, 163 
postulates for a, 153 
tangent to a sphere, 175 
Plane angle of a dihedral angle, 163 
Plane sailing, 239 
Polar distance, 173 
Polar triangles, 180 
Poles of a circle on a sphere, 172 
Polyhedral angle, 166 
dihedral angle of a, 166 
faces of a, 166 
Polyhedron, 195 
Position circles, 254 
Position lines, 256 
Prism, 195 
right, 195 
Projection, 

of a line on a plane, 168 
of a point on a plane, 168 
Pyramid, 200 


Quadrantal spherical triangles, 222 

Regular pyramid, 200 
Right spherical triangles, 215 

Sine of half an angle in a spherical 
triangle, 227 
Skew lines, 158 
Slant height, 
of a cone, 208 
of a frustum of a cone, 208 
of a frustum of a pyramid, 200 
of a pyramid, 200 
Small circle of a sphere, 172 
Species of parts in a spherical triangle, 
218, 231 
Sphere, 171 
Spherical angle, 176 
Spherical distance, 173 
Spherical excess, 181 
Spherical polygon, 179 
Spherical triangle, 183, 215 
Straight line, 
parallel to a plane, 1 58 
perpendicular to a piano, 154 
Sumner lines, 256 
Symmetric polyhedral angles, 166 
Symmetric spherical triangles, 183 

Tangent of half an angle of a spherical 
triangle, 226 

Tangent line, to a sphere, 175 
Tangent plane, to a sphere, 175 
Trigonometric functions, 230 
Trihedral angle, 166 

Volume, 
of a cone, 209 
of a cylinder, 206 
of a frustum of a cone, 209 
of a frustum of a pyramid, 204 
of a prism, 198 
of a prismatoid, 204 
of a pyramid, 203 
of a rectangular solid, 197 
of a solid, 195 
of a sphere, 210 

Zenith, 248 
Zone, 187 




